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Abstract
The program of Langlands is studied here on the basis of:
• new concepts of global class field theory related to the explicit construction of
global class fields and of reciprocity laws;
• the representations of the reductive algebraic groups GL(n) constituting the
n-dimensional representations of the associated global Weil-Deligne groups;
• a toroidal compactification of the conjugacy classes of these reductive algebraic
groups whose analytic representations constitute the cuspidal representations
of these groups GL(n) in the context of harmonic analysis.
This leads us to build two types of n-dimensional global bilinear correspondences
of Langlands by taking into account the irreducibility or the reducibility of the rep-
resentations of the considered bilinear algebraic semigroups.
The major outcome of this global approach is the generation of general algebraic
symmetric structures, consisting of double symmetric towers of conjugacy class rep-
resentatives of algebraic groups, so that the analytic toroidal representations of these
conjugacy classes are the cuspidal conjugacy class representations of these algebraic
groups.
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Introduction
After the pioneer works of G. Laumon, M. Rapoport, U. Stuhler and others, recent signif-
icant advances were realized these past few years in the Langlands program [Lan1], [Kna]
by M. Harris, R. Taylor [H-T] and G. Henniart [Hen] with respect to the proof of the
Langlands correspondences in the case of p-adic number fields and by L. Lafforgue [Laf],
[Lau] in the case of function fields.
However, the approach of the Langlands program from a global point of view was relatively
left sideways until now: it is the aim of this paper to try to fill up partially this gap by
studying the Langlands correspondences over global number fields.
The global methods used in this context are based on:
• new concepts in global class field theory related to the explicit construction of global
class fields and of reciprocity laws;
• the representations of the reductive algebraic groups GL(n) constituting the n-
dimensional representations of the associated global Weil-Deligne groups;
• a toroidal compactification of the conjugacy classes of these algebraic groups whose
analytic representations constitute the cuspidal representations of these groups GL(n)
in the context of harmonic analysis. It will be shown that the global approach of the
Langlands program consists in studying the algebraic groups and their representa-
tions to bridge the gap between analytic and algebraic problems as described in the
diagram:
Algebraic number theory
• global class field theory
• Galois and Weil groups
−−−−→
Theory
(of representations)
of Algebraic
groups GL(n)
−−−−−−−−−−−→
Toroidal
compactification
Analytic number
theory
Harmonic analysis
y y
n-dimensional
representations of the
Weil-Deligne group
∼
−−−−−−−−−−→
Langlands
correspondences
supercuspidal
representations
of GL(n)
The developments considered here will essentially concern symmetric objects in such a way
that the envisaged mathematical objects will be cut into two symmetric semiobjects OR
and OL localized respectively in (or referring to) the lower and in the upper half space.
The right semiobject OR is then the dual of the left semiobject OL and the interest of
considering an object, decomposed into two dual symmetric semiobjects OR and OL , is
that the informations concerning the internal mathematical structure of the object “ O ”
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can be obtained from the product OR × OL of the semiobjects OR and OL . Indeed,
every endomorphism E of “ O ” can be decomposed into the product ER × EL of a right
endomorphism ER acting on the right semiobject OR by the “opposite” left endomorphism
EL acting on the corresponding left semiobject OL in such a way that ER ≃ E
−1
L .
The general existence of symmetric objects can be shown by the following considerations on
function fields. Let k denote a global number field of characteristic zero. Let k[x1, · · · , xn]
be a polynomial ring over k and let R = RR ∪ RL be a symmetric (closed) extension of k
as introduced in the following.
Let k[x1, · · · , xn] be a polynomial ring at n indeterminates over k .
Let IL = {Pµ(x1, · · · , xn) | Pµ(VL) = 0} be the ideal of k[xn, · · · , xn] in such a way that:
a) Pµ(VL) be the polynomial function in k[VL] represented by Pµ(x1, · · · , xn) .
b) VL ⊂ RL be an affine semispace restricted to the upper half space.
Let IR = {Pµ(−x1, · · · ,−xn) | Pµ(VR) = 0} be the symmetrical ideal of IL obtained by
the involution:
τ : Pµ(x1, · · · , xn) −−−→ Pµ(−x1, · · · ,−xn)
in such a way that
a) Pµ(VR) be the polynomial function in k[VR] represented by Pµ(−x1, · · · ,−xn) .
b) VR ⊂ RR be an affine semispace
• of dimension n .
• restricted to the lower half space.
• symmetric of VL .
• disjoint of VL or possibly connected to VL on the symmetric axis, plane, . . .
The quotient ring obtained modulo the ideal IL (resp. IR ) is QL = k[x1, · · · , xn]
/
IL (resp.
QR = k[x1, · · · , xn]
/
IR ) [Wat].
QL and QR are quotient algebras characterized by the corresponding homomorphisms:
φL : QL −−−→ RL , φR : QR −−−→ RR ,
where RL and RR are commutative (division) semirings localized respectively in (or refer-
ring to) the upper and the lower half space. (Commutative (division) semirings are recalled
(or introduced) in the appendix).
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So, the pair of homomorphisms φL and φR sends the “general” solution to a pair of sym-
metric solutions respectively in RL and RR .
On the other hand, let F˜ = F˜R ∪ F˜L be a symmetric “algebraic” finite extension of k .
Let Tn(F˜L) (resp. T
t
n(F˜R) ) ⊂ GLn() be the (semi)group of matrices of dimension n over
F˜L (resp. F˜R ) viewed as an operator sending F˜L (resp. F˜R ) into the affine semispace
T (n)(F˜L) (resp. T
(n)(F˜R) ) of dimension n :
Tn() : F˜L −−−→ T
(n)(F˜L)
(resp. T tn() : F˜R −−−→ T
(n)(F˜R) )
in such a way that to the indeterminates (x1, · · · , xℓ, · · · , xn, · · · , x1ℓ, · · · , xℓn, · · · ) of QL
(resp. (−x1, · · · ,−xℓ, · · · ,−xn, · · · ,−x1ℓ, · · · ,−xℓn, · · · ) of QR ), ∀ xℓn = xℓ · xn , corre-
sponds the homomorphism [Bor2]:
φ′L : QL −−−→ F˜L(x1 → e11, · · · , xℓ → eℓℓ, · · · , x1ℓ → e1ℓ, · · · , xnℓ → enℓ)
(resp. φ′R : QR −−−→ F˜R(−x1 → −e11, · · · ,−xℓ → −eℓℓ, · · · ,
xℓ1 → eℓ1, · · · , xnℓ → enℓ) )
where:
Tn(F˜L) = {eL = (eℓn) ∈ Tn(F˜L) | PTµ(eℓn) = 0}
(resp. T tn(F˜R) = {eR = (eℓn) ∈ T
t
n(F˜R) | PTµ(eℓn) = 0} )
with the polynomials PTµ(eℓn) ∈ k[x] .
On the other hand, let XL (resp. XR ) be a functor from the quotient ring QL (resp. QR )
to the affine semispace VL (resp. VR ) in such a way that the diagram:
QL
φ′L−−−→ F˜L(e11, · · · , enn, · · · , eℓn)yXL yTn()
VL −−−→
ψL
T (n)(F˜L)
(resp
QR
φ′R−−−→ F˜R(−e11, · · · ,−enn, · · · , eℓn)yXR yT tn()
VR −−−→
ψR
T (n)(F˜R)
)
commutes, leading to:
XL = ψ
−1
L ◦ Tn ◦ φ
′
L (resp. XR = ψ
−1
L ◦ T
t
n ◦ φR ).
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Thus, if the elements vL ∈ VL (resp. vR ∈ VR ), resulting from XL ◦ φ
′−1
L (F˜L) (resp.
XR ◦ φ
′−1
R (F˜R) ), correspond to solutions in F˜L (resp. F˜R ) of some family of equations,
there is a k-algebraQL (resp. QR ) and a natural correspondence between XL◦φ
′−1
L F˜L (resp.
XR◦φ
′−1
R F˜R ) and Homk(QL, F˜L) (resp. Homk(QR, F˜R) ), taking into account the algebraic
(semi)group of matrices Tn(F˜L) (resp. T
t
n(F˜R) ) at the condition that ψL : VL → T
(n)(F˜L)
(resp. ψR : VR → T (n)(F˜R) ) be a homeomorphism.
Such XL (resp. XR) is then called representable in the sense that a left (resp. right) affine
semigroup scheme over k is a representable functor from the k-algebra QL (resp. QR ) to
the affine semispace VL (resp. VR ), homeomorphic to T
(n)(F˜L) (resp. T
(n)(F˜R) ).
The left and right affine semigroup schemes XL and XR are said to be symmetric if every
element vL ∈ VL , localized in the upper half space, is symmetric to every element vR ∈ VR ,
localized in the lower half space with respect to an element or a set of elements of symmetry.
Thus, the consideration of a sufficiently big polynomial ring as k[x1, · · · , xn] allows to
consider objects as being generally symmetric and able to be cut into two symmetric
semiobjects in one-to-one correspondence.
In this respect, as the endomorphisms End eF (B) of a division F˜ -algebra B can be han-
dled throughout its enveloping algebra Be = B ⊗ eF B
op , where Bop denotes the opposite
algebra of B , because Be ≃ End eF (B) and as fundamental algebras, such as the algebra
of automorphic forms, are essentially defined on half spaces, we shall work in a bilinear
mathematical framework. So, enveloping semialgebras as well as bisemialgebras will be
considered, which has the following advantages:
1. As the representation of automorphic forms is intrinsically defined in the upper half
space, the bialgebra of automorphic biforms, associated to the algebra of automorphic
forms, will be envisaged in such a way that the coalgebra will refer to dual automor-
phic forms localized in the lower half space. One of the interests of considering a
bialgebra of automorphic biforms is that the endomorphism of this bialgebra leads to
take into account the Hecke bialgebra of tensor products of Hecke bioperators having
a nice matricial representation [Pie3].
2. The representation of a reducible general bilinear (semi)group of order 2n decom-
poses diagonally following the direct sum of irreducible bilinear representations and
off diagonally following the direct sum of complementary irreducible bilinear repre-
sentations (see section 0.3 of the introduction and chapter 4).
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So, the nonorthogonal reducibility of the representation of a bilinear general Lie
semigroup generating off diagonal complementary irreducible bilinear representations
could lead to a new approach of:
• the endoscopy problem considered in trace formulas;
• the functoriality envisaged in automorphic representations of general “linear”
groups [Lan2], [C-K-P-S].
3. Some conjectures of algebraic number theory proceed probably from the fact that
the techniques of algebra endomorphisms could be more worked out, as for example,
by considering judicious enveloping (semi)algebras [Pie3].
In this context, let us point out that the appendix of this paper introduces the used
semistructures and bisemistructures [Pie5].
In a few words, let us say that the Langlands global program developed here is related to
the generation of a reductive algebraic group with entries in a double tower of extensions
of k which are characterized by increasing Galois extension degrees.
The conjugacy class representatives of this reductive algebraic group then appear in sym-
metric pairs in such a way that a double tower of conjugacy class representatives, charac-
terized by increasing ranks, is generated symmetrically respectively in the upper and in the
lower half space and constitutes the n-dimensional representation of a global Weil-Deligne
group.
The Langlands global correspondences then consist in finding the toroidal analytic repre-
sentations of these conjugacy class representatives by means of a suitable toroidal com-
pactification of these in such a way that the sum of these toroidal analytical representatives
of conjugacy classes constitutes the searched supercuspidal representation of the reductive
algebraic group, i.e. the Fourier development of the n-dimensional automorphic form on
this algebraic group.
So, the Langlands global program is directly based on the generation of a general algebraic
symmetric structure being in one-to-one correspondence with its automorphic analytical
counterpart.
0.1 Nonabelian global class field concepts
More concretely, the new concepts introduced in global class field theory are inspired by
the factorization of a prime p into primes in the ring of integers OE of a finite exten-
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sion E of Q and by the Artin’s reciprocity law which asserts that a Dirichlet character
χσ : (Z
/
N Z )∗ → C ∗ exists such that σ(Fr p) = χσ(p) where σ : Gal(E
/
Q )→ C ∗ . This
leads us to introduce pseudo-ramified completions, covered by the symmetric algebraic ex-
tensions of a global number field k of characteristic zero, at the infinite places such that their
degrees or ranks are integers moduloN where N is the order of the global inertia subgroups.
The subsets of pseudo-ramified completions are thus covered by finite subsets of Galois ex-
tensions and generate a double symmetric tower of one-dimensional k-semimodules charac-
terized by increasing ranks. A character χωj is associated to each basic completion Fωj in
an infinite or global place ωj and the Dirichlet character χωj,mj , corresponding to an equiv-
alent completion Fωj,mj in ωj , can be obtained by the action of the decomposition group
element Dωj,mj on χωj . As we are concerned with pairs of symmetric (semi)structures, left
algebraic extension semifields F˜ω = {F˜ω1 , . . . , F˜ωj,mj , . . . , F˜ωr} referring to the upper half
space and right algebraic extension semifields F˜ω = {F˜ω1 , . . . , F˜ωj,mj , . . . , F˜ωr} referring to
the lower half space are considered.
In correspondence with these left and right algebraic extension semifields, we have a left
and a right tower Fω = {Fω1, · · · , Fωj,mj , · · · , Fωr} and Fω = {Fω1, · · · , Fωj,mj , · · · , Fωr} of
packets of equivalent completions characterized by increasing ranks.
From these, we can consider:
a) their direct sums
Fω⊕ = ⊕
j
⊕
mj
Fωj,mj and Fω⊕ = ⊕
j
⊕
mj
Fωj,mj ,
b) and the products
A∞Fω = Π
jp
Fωjp and A
∞
Fω
= Π
jp
Fωjp
of packets of primary completions Fωjp and Fωjp where A
∞
Fω and A
∞
Fω
are infinite adele
semirings.
This allows to introduce the Galois subgroups of these left and right algebraic extensions
and the global Weil groups W abFL and W
ab
FR
referring respectively to (the sums of) the
automorphisms of left and right algebraic extensions explicited subsequently.
The set of left (resp. right) pseudo-ramified extensions considered until now constitute a
left (resp. right) affine semigroup S 1L (resp. S
1
R ).
All that constitutes elementary concepts of abelian global class field theory. To enter into
the n-dimensional global Langlands program, nonabelian global class field concepts have to
be set up [Lan2]. The challenge then consists in building up the n-dimensional equivalent
of the affine semigroup S 1L (resp. S
1
R ), and from a bilinear point of view, the n-dimensional
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equivalent of the bilinear affine semigroup S 1R × S
1
L , which needs the introduction of the
injective morphisms [Gel]:
σL : W
ab
FL −−−→ Tn(F˜ω⊕) ,
σR : W
ab
FR −−−→ T
t
n(F˜ω⊕) ,
σR×L : W
ab
FR
×W abFL −−−→ GLn(F˜ω⊕ × F˜ω⊕) ≡ T
t
n(F˜ω⊕)× Tn(F˜ω⊕) .
The affine bilinear algebraic semigroup G(2n)(F˜ω×F˜ω) ≡ T (2n)(F˜ω)×T (2n)(F˜ω) results from
the action of the bilinear algebraic semigroup of matrices GLn(F˜ω× F˜ω) ≡ T
t
n(F˜ω)×Tn(F˜ω)
where T tn(F˜ω) is the group of lower triangular matrices with entries in F˜ω while Tn(F˜ω) is
the group of upper triangular matrices with entries in F˜ω . The algebraic bilinear affine
semigroup G(2n)(F˜ω×F˜ω) over F˜ω×F˜ω is a GLn(F˜ω×F˜ω)-bisemimodule M˜R⊗M˜L . And, the
algebraic representation of GLn(F˜ω × F˜ω) in (M˜R ⊗ M˜L) refers to an algebraic morphism
from GLn(F˜ω × F˜ω) into GL(M˜R ⊗ M˜L) which denotes the group of automorphisms of
(M˜R ⊗ M˜L) .
The reasons for considering bilinear algebraic (semi)groups GLn(F˜ω× F˜ω) instead of linear
algebraic groups GLn(F˜ω−ω) result from the facts that:
1. a bilinear algebraic semigroup covers the corresponding linear algebraic group (as
it is proved in chapter 2) in the sense that the representation space of this linear
algebraic group is a n2-complex dimensional vector space W corresponding to the
n2-complex dimensional representation space (M˜R ⊗ M˜L) of the bilinear algebraic
(semi)group GLn(F˜ω × F˜ω) . So, we have: W ≃ M˜R ⊗ M˜L ;
2. a bilinear algebraic semigroup is directly connected to the enveloping algebras allow-
ing to generate endomorphisms as it was explained above.
The bilinear semigroup G(2n)(Fω × Fω) over the product, right by left, of pseudo-ramified
completions Fω and Fω, is a complete “algebraic” bilinear semigroup or an abstract bisemi-
variety since the sets of completions Fω and Fω are covered by the corresponding sets of
algebraic extensions F˜ω and F˜ω. By concern of abbreviation, this complete “algebraic”
bilinear semigroup G(2n)(Fω × Fω) will sometimes be simply called “algebraic” bilinear
semigroup, taking into account a universal property between these bilinear semigroups.
Let M˜R⊕ ⊗ M˜L⊕ denote the representation space of GLn(F˜ω⊕ × F˜ω⊕) in such a way that
M˜R⊕ ⊗ M˜L⊕ decomposes into the direct sum of subbisemimodules M˜ωj,mj ⊗ M˜ωj,mj being
the conjugacy class representatives of GLn(F˜ω × F˜ω) .
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Then, GL(M˜R⊕ ⊗ M˜L⊕) constitutes the n-dimensional complex equivalent of the product
W abFR×W
ab
FL
of the global Weil groups. As GL(M˜R⊕⊗M˜L⊕) is isomorphic to GLn(F˜ω⊕×F˜ω⊕) ,
the bilinear algebraic semigroup G(2n)(F˜ω⊕×F˜ω⊕) becomes the 2n-dimensional (irreducible)
complex representation (space) (Irr) Rep
(2n)
WFR×L
(W abFR ×W
ab
FL
) of W abFR ×W
ab
FL
:
(Irr) Rep
(2n)
WFR×L
(W abFR ×W
ab
FL
) : GL(M˜R⊕ ⊗ M˜L⊕) −−−→ G
(2n)(F˜ω⊕ × F˜ω⊕) .
As the bilinear algebraic semigroup G(2n)(F˜ω× F˜ω) is built over (F˜ω× F˜ω) , it is composed
of r conjugacy classes, 1 ≤ j ≤ r ≤ ∞ , having multiplicities m(r) and associated with the
r places of Fω or of Fω . Consequently, (Irr) Rep
(2n)
WFR×L
(W abFR ×W
ab
FL
) also decomposes into
r conjugacy classes with multiplicities m(r) .
This decomposition of G(2n)(F˜ω×F˜ω) into conjugacy classes can also be obtained by consid-
ering the cutting of bilattices Λω×Λω into subbilattices in (M˜R⊗M˜L) under the action of the
product TR(n; r)⊗TL(n; r) of Hecke operators having as representation GL2n((Z
/
N Z )2) ,
N ∈ N .
This leads to a one-to-one correspondence between the pseudo-ramified extensions F˜ωj
(and F˜ωj,mj ), the diagonal (and off-diagonal) conjugacy classes of the bilinear algebraic
semigroup G(2n)(F˜ω×F˜ω) and the subbilattices of Hecke in the GLn(F˜ω×F˜ω)-bisemimodule
M˜R ⊗ M˜L .
Let G(2n)(F˜+v × F˜
+
v ) denote the bilinear algebraic semigroup over the product of the sym-
metric sets F˜+v = {F˜
+
v1δ
, · · · , F˜+vjδ,mjδ
, · · · , F˜+vrδ} and F˜
+
v = {F˜
+
v1δ
, · · · , F˜+vjδ,mjδ
, · · · , F˜+vrδ} of
real extensions and let G(2n)(F+v × F
+
v ) denote its compact equivalent. The compactifica-
tion of G(2n)(F˜+v × F˜
+
v ) into G
(2n)(F+v ×F
+
v ) is realized by means of the Fulton-McPherson
compactification by a set of successive blowups [F-M] as developed in chapter 3.
If the conjugacy class representatives g
(2n)
R×L[j,mj ] of G
(2n)(F+ω × F
+
ω ) are glued together,
the bifunction (fω(z
∗)⊗ fω(z)) on G
(2n)(F+ω × F
+
ω ) has a holomorphic development in the
multiple power series
fω(z
∗)⊗ fω(z) =
∞
Σ
j=1
Σ
mj
c∗j,mj cj,mj (z
∗
1 z1 − z
∗
01 z01)
j · · · (z∗n zn − z
∗
0n z
′
0n)
j
at the bipoint (z∗0 × z0) , z0 ∈ IC
n , such that each term of fω(z
∗)⊗ fω(z) corresponds to a
conjugacy class representative g
(2n)
R×L[j,mj ] . And, the holomorphic bifunction fω(z
∗)⊗fω(z)
constitutes an irreducible holomorphic representation Irr hol(GLn(Fω × Fω)) of GLn(Fω ×
Fω) ≈ G(2n)(Fω × F+ω ) .
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0.2 Langlands irreducible global bilinear correspondences
Let F˜L (resp. F˜R ) denote a complex symmetric splitting semifield.
Then, the pseudo-ramified lattice bisemispace
XSR×L = GLn(F˜R × F˜L)
/
GLn((Z
/
N Z )2) ≈ G(2n)(Fω × Fω)
was introduced such that its cosets are isomorphic to the conjugacy classes of G(2n)(F˜ω ×
F˜ω) .
Let {F˜ω1} (resp. {F˜ω1} ) denote the set of irreducible extensions F˜ω1j (resp. F˜ω1j ) having
a rank N . Then, the smallest pseudo-ramified normal bilinear algebraic subsemigroup
P (2n)(F˜ω1 × F˜ω1) of G
(2n)(F˜ω × F˜ω) is introduced as being the complex bilinear equivalent
of the minimal (not standard) parabolic subgroup: it corresponds to the irreducible n-
dimensional complex representation of the product IFR × IFL of global inertia subgroups
having an order equal to (N · m(j)) where m(j) = mj + 1 is the multiplicity of the j-th
complex place.
Then, a toroidal compactification of XSR×L is envisaged by mapping XSR×L into the cor-
responding toroidal compactified lattice bisemispace
XSR×L = GLn(F
T
R × F
T
L )
/
GLn((Z
/
N Z )2) ≈ G(2n)(F Tω × F
T
ω )
in such a way that XSR×L may be viewed as the interior of XSR×L in the sense of the
Borel-Serre compactification. F Tω and F
T
ω are the sets of toroidal completions.
A double coset decomposition of the bilinear complete algebraic semigroup GLn(F
T
R ×F
T
L )
gives rise to the compactified bisemispace
S
Pn
Kn = Pn(F
T
ω1 × F
T
ω1) \GLn(F
T
R × F
T
L )
/
GLn((Z
/
N Z )2) .
A general bilinear cohomology is introduced in section 3.2 as a contravariant functor H∗
from smooth abstract (resp. algebraic) bisemivarieties together with a natural transfor-
mation nH∗→H[∗,∗] from H
∗ to the associated the de Rham bilinear cohomology H [∗,∗].
This bilinear cohomology is:
• of general type in the sense that it is a motivic (or Weil) bilinear cohomology directly
related to the singular, de Rham of Betti cohomologies,
• characterized by Hodge (bisemi)-cycles, a Ku¨nneth standard conjecture and a Ku¨nneth
biisomorphism.
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It results then that:
H2i(S
Pn
Kn,M
2i
TR⊕
⊗M2iTL⊕ ) = Repsp(GLi(F
T
ω⊕ × F
T
ω⊕))
where
• M2iTR⊕ ⊗M
2i
TL⊕
is an irreducible GLi(F
T
ω⊕
× F Tω⊕)-subbisemimodule of
M2nTR⊕
⊗M2nTL⊕ , i ≤ n is a complex dimension; 2i is the real corresponding dimension ;
• Repsp(GLi(F Tω⊕×F
T
ω⊕
)) is the representation space of the complete bilinear semigroup
of matrices GLi(F
T
ω⊕ × F
T
ω⊕) .
As the toroidal compactification of XSR×L is an isomorphism, we have that:
Irr RepW
(2i)
FR×L
(W abFR ×W
ab
FL
) ≃ G(2i)(F Tω⊕ × F
T
ω⊕)
≃ Repsp(GLi(F
T
ω⊕
× F Tω⊕)) .
On the other hand, the bilinear cohomology H2i(S
Pn
Kn,M
2i
TR⊕
⊗M2iTL⊕
) has a decomposition
following the equivalent representatives g2iTR×L [j,mj ] of the conjugacy classes of the complete
bilinear semigroup G2i(F Tω × F
T
ω ) according to:
H2i(S
Pn
Kn ,M
2i
TR⊕
⊗M2iTL⊕ ) =
r
⊕
j=1
⊕
mj
g2iTR×L[j,mj ] .
As a consequence, the bilinear cohomology H2i(S
Pn
Kn ,M
2i
TR⊕
⊗M2iTL⊕ ) has an analytic de-
velopment consisting in the product EISR(2i, j,mj) ⊗ EISL(2i, j,mj) of the (truncated)
Fourier development of a cusp form of weight 2 by its left equivalent. The n-dimensional
complex cusp biform EISR(2i, j,mj)⊗ EISL(2i, j,mj) , in one-to-one correspondence with
the bilinear cohomology H2i(S
Pn
Kn,M
2i
TR⊕
⊗M2iTL⊕ ) , is constructed according to a solvable
way and corresponds to an eigenbifunction of the product TR(i; r) ⊗ TL(i; r), right by
left, of the Hecke operators; so, EISR(2i, j,mj)⊗EISL(2i, j,mj) constitutes an irreducible
supercuspidal representation Irr cusp(GLi(F
T
ω × F
T
ω )) of the general bilinear semigroup
GLi(F
T
ω × F
T
ω ) .
This leads us to a Langlands irreducible global correspondence:
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Irr Rep
(2i)
WFR×L
(W abFR ×W
ab
FL
) −−−→ Irr cusp(GLi(F Tω × F
T
ω )∥∥∥ ∥∥∥
G(2i)(F˜ω⊕ × F˜ω⊕) EISR×L(2i, j,mj)y≀ x
G(2i)(F Tω⊕ × F
T
ω⊕
) −−−→ Ĝ(2i)(F Tω × F
T
ω )∥∥∥
H2i(S
Pn
Kn,M
2i
TR⊕
⊗M2iTL⊕ )
• from the sum of the products, right by left, of the conjugacy classes (associated
with the places of the semifields F Tω and F
T
ω ) of the irreducible i-dimensional rep-
resentation IrrRep
(2i)
WFR×L
(W abFR ×W
ab
FL
) of the bilinear Weil-Deligne group given by
G(2i)(Fω⊕ × Fω⊕)) ;
• to the sum of the products, right by left, of the conjugacy classes of the irre-
ducible cuspidal representation Irr cusp(GLi(F
T
ω⊕
× F Tω⊕)) of GLi(F
T
ω × F
T
ω ) given
by EISR(2i, j,mj)⊗ EISL(2i, j,mj)
where Ĝ(2i)(F Tω ×F
T
ω ) is a (bisemi)sheaf over the complete bilinear semigroupG
(2i)(F Tω ×F
T
ω )
A second kind of Langlands irreducible global correspondence can be reached by considering
the real equivalent of the preceding correspondence: this can be realized by envisaging
the boundary ∂XSR×L = GLn(F
+,T
R × F
+,T
L )
/
GLn((Z
/
N Z )2) of the compactified lattice
bisemispace XSR×L , where F
+,T
L (resp. F
+,T
R ) is a toroidal compact semifield. This
inclusion morphism γδR×L : XSR×L → ∂XSR×L sends bijectively the (diagonal) “complex”
class representatives into the corresponding “real” conjugacy class representatives covering
them. This gives rise to a double coset decomposition
∂S
Pn
Kn = Pn(F
+,T
v1
× F+,Tv1 ) \GLn(F
+,T
R × F
+,T
L )
/
GLn((Z
/
N Z )2)
of the general bilinear semigroup GLn(F
+,T
R × F
+,T
L ) .
∂S
Pn
Kn is then the equivalent of a Shimura (bisemi)variety whose cohomology:
H2i(∂S
Pn
Kn,M
2i
TvR⊕
⊗M2iTv⊕L
) = Repsp(GL2i(F
+,T
v⊕
× F+,Tv⊕ ))
is the irreducible Eisenstein bilinear cohomology which has an analytic representation given
by the product
ELLIPR(2i, j
δ, mjδ)⊗ ELLIPL(2i, j
δ, mjδ)
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of a right 2i-dimensional global elliptic semimodule ELLIPR(2i, j
δ, mjδ) by its left equiv-
alent. ELLIPR(2i, j
δ, mjδ) ⊗ ELLIPL(i, j
δ, mjδ) is also a “solvable” (bi)series and is an
eigenbifunction of the product of Hecke operators.
On the irreducible bisemivariey ∂S
Pn
Kn , there is a Langlands irreducible global correspon-
dence:
Irr Rep
(2i)
W
F
+
R×L
(W ab
F+v
×W ab
F+v
) −−−→ Irr ELLIP(GL2i(F
+,T
v × F
+,T
v ))∥∥∥ ∥∥∥
G(2i)(F˜+v⊕ × F˜
+
v⊕
) −−−→ ELLIPR×L(2i, jδ, mjδ)y≀ x
G(2i)(F+,Tv⊕ × F
+,T
v⊕ ) −−−→ Ĝ
(2i)(F+,Tv × F
+,T
v )∥∥∥
H2i(S
Pn
Kn,M
2i
TvR⊕
⊗M2iTvL⊕
)
• from the sum of the products, right by left, of the conjugacy classes of the irreducible
n-dimensional representation Irr Rep
(2i)
W
F+
R×L
(W ab
F+v
×W ab
F+v
) of the bilinear global Weil
group given by the complete bilinear real semigroup G(2i)(F+v⊕ × F
+
v⊕
) ;
• to the sum of the products, right by left, of the conjugacy classes of the irreducible
cuspidal (and elliptic) representation Irr ELLIP(GL2i(F
+,T
v × F
+,T
v )) of GL2i(F
+T
v ×
F+Tv ) given by the “solvable” global elliptic bisemimodule ELLIPR(2i, j
δ, mjδ)
⊗ ELLIPL(2i, jδ, mjδ) .
Two kinds of trace formulas have been considered. The first type of trace formula is an
adaptation of the Arthur-Selberg trace formula to the operator associated with the bilin-
ear parabolic semigroup P (2n)(Fω1 × Fω1) envisaged in the present context as the unitary
representation of the complete bilinear semigroup GLn(Fω × Fω) . This operator acts by
convolution on the bialgebra L1−1R×L(G
(2n)(F nrω ×F
nr
ω )) of smooth continuous bifunctions on
the pseudo-unramified bilinear complete semigroup G(2n)(F nrω × F
nr
ω ) and decomposes ac-
cording to the unitary conjugacy classes of the pseudo-ramified bilinear complete semigroup
G(2n)(Fω×Fω) . The resulting trace formula occurs in the bialgebra L
1−1
R×L(G
(2n)(Fω×Fω))
of bifunctions on G(2n)(Fω × Fω) and relies on Lefschetz trace formula. Remark that the
complete trace formula, referring to the set of irreducible representations of G(2n)(Fω×Fω)
must be envisaged in the frame of chapter 4.
The second kind of trace formula, occurring directly in the bialgebra L1−1R×L(G
(2n)(Fω×Fω))
of bifunctions on the pseudo-ramified algebraic complete semigroup G(2n)(Fω×Fω)) , leads
12
to the Plancherel formula and corresponds to the first type of trace formula.
0.3 Langlands reducible global bilinear correspondences
While the bilinear global correspondences of Langlands deal essentially with the irreducible
representations of algebraic general bilinear semigroups, reducible global bilinear corre-
spondences will be constructed with respect to the reducibility of the representations of
the considered general bilinear semigroups. Three kinds of reducibility will be envisaged:
1. the representation of the complete bilinear semigroup GLn(Fω × Fω) will be said
to be partially reducible if it decomposes according to the direct sum of irre-
ducible bilinear representations Rep(GLnℓ(Fω×Fω)) taking into account the partition
n = n1 + · · ·+ nℓ + · · ·+ ns of n .
2. the representation of GL2n(Fω × Fω) will be said to be orthogonally completely
reducible if it decomposes “diagonally” following the direct sum of irreducible bi-
linear representations Rep(GL2ℓ(Fω × Fω)) , 1 ≤ ℓ ≤ n .
3. the representation of GL2n(Fω×Fω) will be said to be nonorthogonally completely
reducible if it decomposes diagonally following the direct sum of irreducible bilinear
representations Rep(GL2ℓ(Fω × Fω)) and off diagonally following the direct sum of
irreducible bilinear representations Rep(T t2kR
(Fω)× T2ℓL (Fω)) .
Let then X
n=n1+···+ns
SR×L
, X
2n=21+···+2n
SR×L
and X
2nR×2nL
SR×L
be the three kinds of reducible com-
pactified lattice bisemispaces and let S
Pn=n1+···+ns
Kn=n1+···+ns
, S
P2n=21+···+2n
K2n=21+···+2n
and S
P2nR×2nL
K2nR×2nL
be their
corresponding double coset decompositions.
Their bilinear cohomologies then decompose according to:
• H∗(S
Pn=n1+···+ns
Kn=n1+···+ns
, M̂2nTR⊕
⊗ M̂2nTL⊕ ) = ⊕nℓ
H2nℓ(S
Pn
Kn, M̂
2nℓ
TR⊕
⊗ M̂2nℓTL⊕
)
= ⊕
nℓ
(
EISR(2nℓ, jR, mjR)⊗ EISL(2nℓ, jL, mjL)
)
• H2n(S
P2n=21+···+2n
K2n=21+···+2n
, M̂2n
∗
TR⊕
⊗ M̂2n
∗
TL⊕
) = ⊕
ℓ
H2ℓ(S
P2n
K2n
, M̂2ℓTR⊕
⊗ M̂2ℓTL⊕
)
= ⊕
ℓ
(
EISR(2ℓ, jR, mjR)⊗ EISR(2ℓ, jL, mjL)
)
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• H2n(S
P2nR×2nL
K2nR×2nL
, M̂2nRTR⊕
⊗ M̂2nLTL⊕
) = ⊕
ℓ
H2ℓ(S
P2nR×2nL
K2nR×2nL
, M̂2ℓTR⊕
⊗ M̂2ℓTL⊕
)
⊕
kR 6=ℓL
H2kR,ℓL (S
P2nR×2nL
K2nR×2nL
, M̂
2kR
TR⊕
⊗ M̂
2ℓL
TL⊕
)
= ⊕
ℓ
(
EISR(2ℓ, jR, mjR)⊗ EISL(2ℓ, jL, mjL)
)
⊕
kR 6=ℓL
(
EISR(2kR, jR, mjR)⊗ EISL(2ℓL, jL, mjL)
)
where M̂2nℓTR⊕
≡ Ĝ(2nℓ)(F Tω⊕) (resp. M̂
2nℓ
TL⊕
≡ Ĝ(2nℓ)(F Tω⊕)) is a right (resp. left) semisheaf
over the right (resp. left) linear semigroup G(2nℓ)(F Tω⊕) (resp. G
(2nℓ)(F Tω⊕) ) ,
and are in one-to-one correspondence with the sums of the products of the (truncated)
Fourier developments of the cusp forms of weight two. This leads to evident reducible
global bilinear correspondences of which the partially reducible case is explicitly developed
here:
Red(Rep
(2n)
WFR×L
(W 2n=2n1+···+2nsFω ×W
2n=2n1+···+2ns
Fω
)) → Red cusp(GLn=n1+···+ns(F
T
ω × F
T
ω ))
ց ր
CY2n=2n1+···+2nsT (XR)× CY
2n=2n1+···+2ns
T (XL)
where:
• Red(Rep(2n)WFR×L
(W 2n=2n1+···+2nsFω ×W
2n=2n1+···+2ns
Fω
)) is given by Ĝ(2n=2n1+···+2ns)(Fω⊕×
Fω⊕) ;
• Red cusp(GLn=n1+···+ns(F
T
ω ×F
T
ω )) is given by ⊕
nℓ
H2nℓ(S
Pn=n1+···+ns
Kn1+···+ns
, M̂2nℓTR⊕
⊗ M̂2nℓTL⊕
) =
⊕
nℓ
(EISR(2nℓ, jR, mjR)⊗ EISL(2nℓ, jL, mjL)) ;
• CY2n=2n1+···+2nsT (XL) = ⊕
2nℓ
CY2nℓT (XL) with CY
2nℓ
T (XL) a 2nℓ-dimensional toroidal
compactified semi “cycle” over the (compactified) semischeme XL .
As in the irreducible case, a second kind of reducible bilinear global correspondences of
Langlands has been developed in section 4.2 on the equivalents of the reducible Shimura
bisemivarieties.
This last version of the paper was undertaken in order to precise and define the bilinear
cohomology theory in section 3.2.
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1 Global class field concepts, motivic chain bicom-
plexes and pure Chow bimotives
1.1 Global class field concepts
1.1.1 Classical background
The two main challenges of class field theory are the explicit construction of class fields and
of reciprocity laws. Historically, this program proceeds essentially from the fundamental
problem in algebraic number theory consisting in describing how an ordinary prime p
factorizes into “primes” in the ring of integers OE of finite extension E of Q . If we set
that OE = Z (i) , then we obtain the following well known:
Theorem: Suppose p is an odd prime. Then p can be written following p = n2 +m2 =
(n+ im)(n− im) , n,m ∈ Z if and only if p ≡ 1(4) .
This is an elementary example of the Frobenius automorphisms Frp in the Galois group
G = Gal(E/Q ) . Remark that Frp = id when p splits completely into E , i.e. when the
ideal it generates in OE factors into distinct prime ideals of OE .
A major objective consists in proving that the splitting properties of p in E depend only
on its residue modulo some fixed modulus N . This can be achieved if G = Gal(E/Q )
is abelian and if σ : G → C ∗ is a homomorphism. Then, there exists an integer N > 0
and a Dirichlet character χσ : (Z /N Z )
∗ → C ∗ such that σ(Frp) = χσ(p) for all primes
p unramified in E : this is E. Artin’s fundamental reciprocity law of abelian class field
theory. All that was developed very clearly by S. Gelbart in [Gel].
1.1.2 How do global algebraic number fields proceed from this classical back-
ground?
An interesting step of this paper in relation with section 1.1.1, consists in replacing the
finite adele ring by the infinite places of an algebraic extension (i.e. a splitting (semi)field)
F˜+ of a global number (semi)field k of characteristic zero such that:
a) the degrees or ranks of the generated “pseudo-ramified” completions of F˜+ are inte-
gers modulo N where N is the order of the associated global inertia subgroups.
The completions of F˜+ are constructed from irreducible closed algebraic subsets in
such a way that they are isomorphically covered by the corresponding algebraic
extensions.
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These completions result from an isomorphism of compactifications of the corre-
sponding algebraic extensions.
b) a character χvjδ : (Z /N Z )
∗ → C ∗ is associated to every pseudo-ramified completion
F+vjδ
at the vjδ -th place of F
+ such that its decomposition group Dvjδ generates
the Dirichlet character χvjδ,mjδ
of the equivalent pseudo-ramified completion F+vjδ,mjδ
following:
Dvjδ (χvjδ ) = χvjδ,mjδ
, mjδ ∈ N .
The point a) deals with the definition of a set of increasing “pseudo-ramified” completions
F+vjδ
which have increasing ranks equal to the associated extension degrees
[F˜+vjδ
: k] ≃ jδ · N such that every (pseudo-)ramified completion F+vjδ
is generated from
an irreducible “central” completion F+
v1jδ
having a rank equal to N .
And the point b) refers to the construction of equivalent pseudo-ramified completions
F+vjδ,mjδ
.
As a consequence, the residue subfield of F+vjδ
is defined by F+,nrvjδ
= F+vjδ
/
F+
v1jδ
: this implies
that this residue subfield F+,nrvjδ
is a pseudo-unramified completion of F+ whose rank is
given by the extension degree [F˜+,nrvjδ
: k] ≃ jδ of the corresponding subfield F˜
+,nr
jδ
of F˜+ ,
also called a global residue degree.
The generation of global algebraic extension (semi)fields thus originates from classical
algebraic number theory as it will be developed in the following sections and presents some
analogy with the construction of local p-adic number fields as envisaged in the following
section.
1.1.3 Classical notions of local number fields
The classical notions concerning local number fields can be summarized as follows.
Let OK denote the ring of integers of a finite extension K of Q p . Its residue field is
k(vK) = k(℘K) = OK/℘K where ℘K is the unique maximal ideal of OK . Let vK : K
∗ → Z
be the unique valuation so that the absolute value on K is given by
| · |K = | · |vK with |x|K = (#k(vK))
−vK(x) for x ∈ K∗ .
The number of elements in k(℘K) is q = p
f where fvK = [k(vK) : F p] is the residue degree
over Q p .
The ideal ℘K OK of OK has the form ℘
evK
K = ω˜
evK
K where
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• ω˜K is a uniformiser in OK ;
• evK is the ramification degree of K over Q p .
Then, we have [K : Q p] = evK · fvK such that evK = [K : Q p]
/
fvK .
If Knr denotes the maximal unramified extension of K , the inertia subgroup IK can be
defined by:
Gal(Kac
/
K)
/
IK
∼
−−−→ Gal(Knr
/
K)
∼
−−−→ Gal(k(vK)ac
/
k(vK)) .
1.1.4 Infinite places of a global number field of characteristic 0
Let k be a global number field of characteristic zero and let F˜ denote a finite (algebraically
closed) extension of k such that F˜ = F˜R ∪ F˜L is a symmetric splitting field composed of a
right and a left algebraic extension semifields F˜R and F˜L in one-to-one correspondence. In
the complex case, F˜L (resp. F˜R ) is the set of complex (resp. conjugate complex) simple
roots of a polynomial ring k[x] over k . In the real case, the symmetric splitting field is
noted F˜+ = F˜+R ∪ F˜
+
L where F˜
+
L (resp. F˜
+
R ) is the algebraic extension semifield composed
of the set of positive (resp. symmetric negative) simple real roots as developed in the
appendix. Remark that k can also be written following k = kR ∪ kL .
The left and right equivalence classes of the local completions of F˜
(+)
L and F˜
(+)
R are the left
and right real (resp. complex) infinite places of F
(+)
L and F
(+)
R :
they are noted v = {v1δ , · · · , vjδ , · · · , vrδ} and v = {v1δ , · · · , vjδ , · · · , vrδ} in the real case
and ω = {ω1, · · · , ωj, · · · , ωr} and ω = {ω1, · · · , ωj , · · · , ωr} in the complex case and are
constructed in such a way that each complex place is covered by its real equivalent.
Recall that the completions of F˜
(+)
L and F˜
(+)
R at infinite places are defined for the topology
by their archimedean absolute values such that the Cauchy sequences in these completions
converge (i.e. have a limit).
1.1.5 Completions of a global number field
• Let Fωj (resp. Fωj ) denote a left (resp. right) complex pseudo-ramified completion
of F˜L (resp. F˜R ) in ωj (resp. ωj ) and let F
+
vjδ
(resp. F+vjδ
) denote a left (resp. right)
real pseudo-ramified completion of F˜+L (resp. F˜
+
R ) in vjδ (resp. vjδ ): they will be
assumed to be generated from an “irreducible” central completion Fω1j (resp. Fω1j )
of rank N · m(j) in the complex case and from a irreducible completion Fv1jδ
(resp.
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Fv1jδ
) of rank N in the real case where m(j) = sup(mj) + 1 is the multiplicity of the
j-th real completion covering its complex equivalent.
So, the ranks (i.e. the Galois extension degrees of the associated extensions) of the
complex and real completions will be given by the integers modulo N , N ∈ N ,
where the integer N corresponds to the Artin conductor.
• In the complex case, the ranks of the complex pseudo-ramified completions will be
given by:
[Fωj : k] = (∗+ j ·N) m
(j) [Fωj : k] = (∗+ j ·N) m
(j) ,
where ∗ is an integer inferior to N , in such a way that [Fωj : k] = [Fωj : k] =
(j ·N) m(j) if [Fωj : k] = [Fωj : k] = 0modN , 1 ≤ j ≤ r ≤ ∞ .
The “irreducible” complex completions have ranks:
[Fω1j : k] = N ·m
(j) , [Fω1j : k] = N ·m
(j) .
• In the real case, the ranks of the pseudo-ramified completions will be:
[F+vjδ
: k] = ∗+ j ·N [F+vjδ
: k] = ∗+ j ·N ,
in such a way that [F+vjδ
: k] = [F+vjδ
: k] = j ·N if [F+vjδ
: k] = [F+vjδ
: k] = 0modN ,
1 ≤ j ≤ r ≤ ∞ .
The irreducible complex completions have ranks:
[F+
v1jδ
: k] = N , [F+
v1jδ
: k] = N .
• The introduction of “irreducible” central completions Fω1j (resp. Fω1j ) in the complex
case and of irreducible central completions F+
v1jδ
(resp. F+
v1jδ
) in the real case leads to
consider that:
– the complex pseudo-ramified completion Fωj (resp. Fωj ), 1 ≤ j ≤ r , can be
cut into a set of j irreducible equivalent complex completions F
ωj
′
j
, 1 ≤ j′ ≤ j
(resp. F
ωj
′
j
) of rank N ·m(j) ;
– the real pseudo-ramified completions F+vjδ
(resp. F+vjδ
), 1 ≤ jδ ≤ rδ , can be cut
into a set of jδ irreducible equivalent real completions F
+
v
j′
δ
jδ
, 1 ≤ j′δ ≤ jδ (resp.
F+
v
j′
δ
jδ
) of rank N .
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However, remark that the extension degrees characterize more exactly the splitting
subfields in bijection with the corresponding completions of F˜
(+)
L and F˜
(+)
R .
• The introduction of “irreducible” central complex left completions Fω1j (resp. right
Fω1j ) of rank N · m
(j) at the complex places ωj (resp. ωj ), 1 ≤ j ≤ r , and of
irreducible real left completions F+
v1jδ
(resp. right F+
v1jδ
) of rank N at the real places
vjδ (resp. vjδ ), 1 ≤ jδ ≤ r , allow to define the global residue subfields of these
completions as quotient subfields given by:
F nrωj = Fωj
/
Fω1j (resp. F
nr
ωj
= Fωj
/
Fω1j )
in the complex case and by
F+,nrvjδ
= F+vjδ
/
F+
v1jδ
(resp. F+,nrvjδ
= F+vjδ
/
F+
v1jδ
)
in the real case: they are called global residue completions or pseudo-unramified
completions of F
(+)
L (resp. F
(+)
R ) characterized by their ranks, or global residue
degrees, given respectively by
[F nrωj : k] = j ·m
(j) (resp. [F nrωj : k] = j ·m[(j) )
in the complex case and by
[F+,nrvjδ
: k] = j (resp. [F+,nrvj : k] = j )
in the real case.
• As a place is an equivalence class of completions, we have to consider a set of com-
plex completions {Fωj,mj }mj , mj ∈ N , equivalent to Fωj , for all 1 ≤ j ≤ r and
characterized by the same rank as Fωj .
Similarly, a real place vjδ will be given by the basic real completion Fvjδ and by the
set of real equivalent completions {F+vjδ,mjδ
}mjδ , mjδ ∈ N , characterized by the same
rank as Fvjδ .
A complex (resp. real) equivalent completion Fωj,mj (resp. F
+
vj,mjδ
) is generated from
the respective basic completion Fωj (resp. F
+
vjδ
) by the action of the nilpotent group
element uωj,mj (resp. uvjδ,mjδ
) following:
uωj,mjFωj = Fωj,mj (resp. uvjδ,mjδ
F+vjδ
= F+vjδ,mjδ
)
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Since only bilinear cases are relevant, it is more exactly the nilpotent group element
uj2;m2j acting on (Fωj × Fωj) which must be taken into account. It generates the
equivalent completion (Fωj;mj × Fωj;mj ) in the complex case according to:
uj2;m2j (Fωj × Fωj ) = Fωj;mj × Fωj;mj ;
in the real case, we should have:
uj2δ ;mj2
δ
(F+vjδ
× F+vjδ
) = F+vjδ ;mjδ
× F+vjδ ;mjδ
as it will be developed in the next chapter.
1.1.6 Infinite adele semirings and semigroups Fω⊕ , F
nr
ω⊕ , F
+
v⊕ and F
+,nr
v⊕
• So, a left (resp. right) infinite “pseudo-ramified” adele semiring A∞Fω (resp. A
∞
Fω
)
can then be introduced by considering the product over Archimedean prime places
jp of F˜L (resp. F˜R ) of the basic completions Fωjp (resp. Fωjp ) according to
A∞Fω = Π
jp
Fωjp , 1 ≤ jp ≤ r ≤ ∞ , (resp. A
∞
Fω
= Π
jp
Fωjp ).
In the same way, a left (resp. right) “pseudo-unramified” adele semiring A nr,∞Fω
(resp. A nr,∞Fω ) can then be defined from the product of pseudo-unramified “prime”
completions following:
A nr,∞Fω = Π
jp
F nrωjp (resp. A
nr,∞
Fω
= Π
jp
F nrωjp ).
And, in the real case, left and right pseudo-ramified and pseudo-unramified adele
semirings are introduced similarly by:
A∞
F+v
= Π
jδp
F+vjp , 1 ≤ jδp ≤ rp ≤ ∞ , (resp. A
∞
F+v
= Π
jδp
F+vjδp
)
and by
A nr,∞
F+v
= Π
jδp
F+,nrvjδp
(resp. A nr,∞
F+v
= Π
jδp
F+,nrvjδp
).
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• Let
Fω = {Fω1, · · · , Fωj , Fωj,mj , · · · , Fωr}
(resp. Fω = {Fω1 , · · · , Fωj , Fωj,mj , · · · , Fωr} )
denote the set of pseudo-ramified completions at all Archimedean complex places ωj
(resp. ωj ). Then, the direct sum of these pseudo-ramified completions is given by:
Fω⊕ = ⊕
j
⊕
mj
Fωj,mj , 1 ≤ j ≤ r ≤ ∞ ,
(resp. Fω⊕ = ⊕
j
⊕
mj
Fωj,mj ).
Similarly, if
F nrω = {F
nr
ω1
, · · · , F nrωj , F
nr
ωj,mj
, · · · , F nrωr }
(resp. F nrω = {F
nr
ω1
, · · · , F nrωj , F
nr
ωj,mj
, · · · , F nrωr } )
denote the set of corresponding pseudo-unramified completions, their direct sum is
given by:
F nrω⊕ = ⊕
j
⊕
mj
F nrωj,mj
, 1 ≤ j ≤ r ≤ ∞ ,
(resp. F nrω⊕ = ⊕
j
⊕
mj
F nrωj,mj
).
In the real case, if
F+v = {F
+
v1δ
, · · · , F+vjδ,mjδ
, · · · , F+vrδ}
(resp. F+v = {F
+
v1δ
, · · · , F+vjδ,mjδ
, · · · , F+vrδ} )
denotes the set of pseudo-ramified completions at all Armimedean real places vjδ
(resp. vjδ ), the direct sum of these gives:
F+v⊕ = ⊕
jδ
⊕
mjδ
F+vjδ ,mjδ
, 1 ≤ jδ ≤ rδ ≤ ∞ ,
(resp. F+v⊕ = ⊕
jδ
⊕
mjδ
F+vjδ,mjδ
).
Similarly, the direct sum of all pseudo-unramified real completions gives:
F+,nrv⊕ = ⊕
jδ
⊕
mjδ
F+,nrvjδ,mjδ
, 1 ≤ jδ ≤ rδ ≤ ∞ ,
(resp. F+,nrv⊕ = ⊕
jδ
⊕
mjδ
F+,nrvjδ,mjδ
).
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Galois groups and Weil groups will now be introduced in the complex case by taking
into account that the real case can be handled similarly. Furthermore, the considered
Galois subgroups refer to Galois subgroups of splitting subfields F˜ωj in bijection with the
corresponding completions Fωj .
1.1.7 Galois and inertia subgroups
Let GalD(F˜ωj
/
k) (resp. GalD(F˜ωj
/
k) ), Gal(F˜ωj,mj
/
k) (resp. Gal(F˜ωj,mj
/
k) ) and
Gal(F˜ωj
/
k) (resp. Gal(F˜ωj
/
k) ) denote respectively the Galois subgroups of the basic
(non-compact) extension F˜ωj (resp. F˜ωj ), of the mj-th equivalent extension F˜ωj,mj (resp.
F˜ωj,mj ) and of the set of extensions {F˜ωj,mj } (resp. {F˜ωj,mj } ) including F˜ωj (resp. F˜ωj ).
So, we have that:
Gal(F˜ωj
/
k) = GalD(F˜ωj
/
k) ⊕
mj
Gal(F˜ωj,mj
/
k) .
For the respective pseudo-unramified extension, we should have:
Gal(F˜ nrωj
/
k) = GalD(F˜ nrωj
/
k) ⊕
mj
Gal(F˜ nrωj,mj
/
k) .
The Galois subgroup of the “irreducible” central extension F˜ω1j having a rank equal to
N · m(j) is obviously the global inertia subgroup IDFωj of Gal
D(F˜ωj
/
k) because it can be
defined by:
IDFωj = Gal
D(F˜ωj
/
k)
/
GalD(F˜ nrωj
/
k) .
Similarly, the global inertia subgroup IFωj,mj
of Gal(F˜ωj,mj
/
k) is defined by:
IFωj,mj
= Gal(F˜ωj,mj
/
k)
/
Gal(F˜ nrωj,mj
/
k) .
As the global inertia subgroups are of Galois type, they are all isomorphic:
IFDω1
≃ · · · ≃ IFDωj ≃ · · · ≃ IFDωr ,
IFDω1,m1
≃ · · · ≃ IFDωj,mj
≃ · · · ≃ IFDωr,mr ,
1 ≤ j ≤ r ,
which has for consequence that the kernel of the map:
Galj : Gal(F˜ωj
/
k) −−−→ Gal(F˜ nrωj
/
k)
is a general global inertia subgroup IFωj verifying
IFωj = Gal(F˜ωj
/
k)
/
Gal(F˜ nrωj
/
k) .
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1.1.8 Proposition
There exists an injective nilpotent morphism
NGalωj : Gal
D(F˜ωj
/
k) −−−→ Gal(F˜ωj
/
k)
from the Galois subgroup GalD(F˜ωj
/
k) of the basic extension F˜ωj to the Galois subgroup
Gal(F˜ωj
/
k) of the set of extensions {F˜ωj,mj } .
Proof : According to section 1.1.5, the extension F˜ωj,mj is generated from the basic exten-
sion F˜ωj by the action of the nilpotent group element uωj,mj following:
uωj,mj F˜ωj = F˜ωj,mj .
1.1.9 Definition: global Weil groups
Referring to section 1.1.7, we have that:
• Gal(F˜ acL /k) =
r
⊕
j=1
Gal(F˜ωj/k) ;
• Gal(F˜ acR /k) =
r
⊕
j=1
Gal(F˜ωj/k) ;
• GalD(F˜ acL /k) =
r
⊕
j=1
GalD(F˜ωj/k) ;
• GalD(F˜ acR /k) =
r
⊕
j=1
GalD(F˜ωj/k) ;
where F˜ acL is the union of all finite abelian extensions F˜ωj of FL in FL leading to:
• Gal(F˜ acR /k)×Gal(F˜
ac
L /k) =
r
⊕
j=1
(Gal(F˜ωj/k)×Gal(F˜ωj/k)) ;
• GalD(F˜ acR /k)×Gal
D(F˜ acL /k) =
r
⊕
j=1
(GalD(F˜ωj/k)×Gal
D(F˜ωj/k)) .
Similarly, in the pseudo-unramified case, we get:
• Gal(F˜ nrR /k)×Gal(F˜
nr
L /k) =
r
⊕
j=1
(Gal(F˜ nrωj /k)×Gal(F˜
nr
ωj
/k)) ;
• GalD(F˜ nrR /k)×Gal
D(F˜ nrL /k) =
r
⊕
j=1
(GalD(F˜ nrωj /k)×Gal
D(F˜ nrωj /k)) .
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As in the p-adic case, the Weil group [Tat], [H-T] is the Galois subgroup of the elements
inducing on the residue field an integer power of a Frobenius element, we shall assume
that, in the characteristic zero case, the Weil group will be the Galois subgroup of the
pseudo-ramified extensions characterized by extension degrees d = 0modN ·m(j) .
In this respect, let
˙˜
F ωj (resp.
˙˜
F ωj ) denote a Galois extension characterized by a degree
[
˙˜
F ωj : k] = (j ·N) m
(j) (resp. [
˙˜
F ωj : k] = (j ·N) m
(j) ),
and let
˙˜
F
nr
ωj
(resp.
˙˜
F
nr
ωj
) denote the respective pseudo-unramified extension characterized
by the global residue degree:
[
˙˜
F
nr
ωj
: k] = j ·m(j) (resp. [
˙˜
F
nr
ωj
: k] = j ·m(j) ).
The sum of the Galois subgroups of such extensions is then given by:
Gal(
˙˜
F
ac
L /k) =
r
⊕
j=1
Gal(
˙˜
F ωj/k) =W
ab
FL
(resp. Gal(
˙˜
F
ac
R /k) =
r
⊕
j=1
Gal(
˙˜
F ωj/k) =W
ab
FR
)
and corresponds to the Weil global group W abFL (resp. W
ab
FR
).
The product, right by left, of these Weil groups thus is:
W abFR ×W
ab
FL
= Gal(
˙˜
F
ac
R /k)×Gal(
˙˜
F
ac
L /k) ⊂ Gal(F˜
ac
R /k)×Gal(F˜
ac
L /k) .
1.1.10 Remark concerning the pseudo-ramified extensions taken into account
the Weil global groups
As it was mentioned in section 1.1.9, the Weil global groups are the Galois subgroups of
the pseudo-ramified extensions characterized by extension degrees d = 0modN : they
were noted
˙˜
F ωj and
˙˜
F ωj , 1 ≤ j ≤ r ≤ ∞ .
Since the Langlands program concerns the n-dimensional representations of Weil global
groups in bijection with the corresponding automorphic representations, we shall be es-
sentially interested by the completions corresponding to these pseudo-ramified extensions
˙˜
F ωj,mj and
˙˜
Fωj,mj . In order to simplify the notations, we shall consider, until the end of
chapter 4, these restricted completions with the notations introduced in section 1.1.6 for
the general case.
Let us now introduce the Suslin-Voevodsky motivic bicomplexes and the Chow bimotives
which will be especially used in chapter 4.
The proposed treatment shows how it is possible to construct enough algebraic
cycles.
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1.2 Suslin-Voevodsky motivic bicomplexes
Let Fω (resp. Fω ) denote the set of the finite completions of FL (resp. FR ) at the set of
infinite places ω (resp. ω ).
1.2.1 Definition: CW semicomplexes
Let TL (resp. TR ) be a left (resp. right) topological semispace over Fω (resp. Fω ) restricted
respectively to the upper (resp. lower) half space. TL (resp. TR ) is identified with a
left (resp. right) CW complex having a partition in left (resp. right) closed cells noted
CELL(Fωj ) (resp. CELR(Fωj ) ) such that every left (resp. right) closed cell CELL(Fωj )
(resp. CELR(Fωj ) ) be defined over a left (resp. right) place ωj (resp. ωj ). Furthermore,
it will be assumed that every left (resp. right) reducible closed cell CELL(Fωj) (resp.
CELR(Fωj ) ) decomposes into a set of one-dimensional irreducible subcells CL(Fωj ) (resp.
CR(Fωj ) ). Each left (resp. right) CW complex TL (resp. TR ) is isomorphic to an object
of the category SmL(k) (resp. SmR(k) ) of the left (resp. right) smooth quasi-projective
semivarieties over k . The Eilenberg-MacLane topological semispace generated by the
left (resp. right) CW complex TL (resp. TR ) is the free topological abelian semigroup
generated by TL (resp. TR ), i.e. the semigroup completion L
top[TL] (resp. L
top[TR] ) of
the topological commutative monoid
⊔
iℓ≥0
SP iℓ(TL) (resp.
⊔
iℓ≥0
SP iℓ(TR) ), where SP
iℓ(TL)
(resp. SP iℓ(TR) ) denotes the iℓ-th symmetric product of TL (resp. TR ).
1.2.2 Definition: Suslin-Voevodsky motivic presheaf
Let ∆2nℓL (resp. ∆
2nℓ
R ) denote a left (resp. right) real topological 2nℓ-simplex, 2nℓ ∈ N ,
i.e. a closed subscheme in the affine (2nℓ+2)-semispace A
2nℓ+2
k (resp. A
2nℓ+2
k ) and let ∆
•
L
(resp. ∆•R ) be a cosimplicial object in SmR(k) (resp. SmL(k) ) from the collection of the
∆2nℓR (resp. ∆
2nℓ
L ). A presheaf of complexes on SmL(k) (resp. SmR(k) ) is a functor from
SmL(k) (resp. SmRk ) to the left (resp. right) chain complexes of abelian semigroups.
On the other hand, let XsvL (resp. X
sv
R ) denote a left (resp. right) Suslin-Voevodsky
smooth semischeme of real dimension 2ℓ isomorphic to the left (resp. right) topological
semispace TL (resp. TR ) over Fω (resp. Fω ) decomposing into closed cells CELL(Fωj )
(resp. CELR(Fωj ) ) which are also isomorphic to their algebraic analogues CELL(F˜ωj )
(resp. CELR(F˜ωj ) ). Fix 2nℓ = iℓ×2ℓ . Then, a Suslin-Voevodsky motivic left (resp. right)
presheaf ofXsvL (resp. X
sv
R ) on SmL(k) (resp. SmR(k) ), denoted C∗(X
sv
L ) (resp. C∗(X
sv
R ) )
and called in short a Suslin-Voevodsky left (resp. right) motive, is any functor from (XsvL )
(resp. (XsvR ) ) to the left (resp. right) chain complex associated to the left (resp. right)
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abelian semigroup
⊔
iℓ
HomSmL/k(∆
•
L, SP
iℓ(XsvL )) (resp.
⊔
iℓ
HomSmR/k(∆
•
R, SP
iℓ(XsvR )) ).
1.2.3 Definition: reducibility of Suslin-Voevodsky presheaf
If we take into account the decomposition of the left (resp. right) smooth semischeme
XsvL (resp. X
sv
R ) in closed subsemischemes isomorphic to algebraic cells CELL(Fωj ) (resp.
CELR(Fωj ) , then the Suslin-Voevodsky left (resp. right) motive C∗(X
sv
L ) (resp. C∗(X
sv
R ) )
is the functor from XsvL (resp. X
sv
R ) to⊔
iℓ
⊔
j
HomSmL/k(∆
•
L, SP
iℓ
L (X
sv
L [j])) (resp.
⊔
iℓ
⊔
j
HomSmR/k(∆
•
L, SP
iℓ
L (X
sv
R [j])) )
where SP iℓ(XsvL [j]) (resp. SP
iℓ(XsvR [j]) ) denotes the j-th equivalence class of the iℓ-th
symmetric product of XsvL (resp. X
sv
R ) associated with the left (resp. right) place ωj
(resp. ωj ) of the completion of the semifield F˜L (resp. F˜R ). On the other hand, if we
consider the decomposition of the closed cells into one-dimensional irreducible affine curves
CL(j) (resp. CR(j) ), then the Suslin-Voevodsky left (resp. right) motive C∗(X
sv
L ) (resp.
C∗(X
sv
R ) ) will be represented by⊔
iℓ
⊔
j
⊔
m=1
HomSmL/k(∆
•
L, Cm(SP
iℓ(XsvL [j])))
(resp.
⊔
iℓ
⊔
j
⊔
m=1
HomSmR/k(∆
•
R, Cm(SP
iℓ(XsvR [j]))) )
where {Cm(SP iℓ(XsvL [j]))}
2nℓ
m=1 (resp. {Cm(SP
iℓ(XsvR [j]))}
2nℓ
m=1 ) is a set of affine curves,
having multiplicities mjℓ . Finally, if 2nℓ = iℓ×2ℓ , let L2nℓ;L (resp. L2nℓ;R ) denote the re-
striction of C∗(X
sv
L ) (resp. C∗(X
sv
R ) ) to its 2nℓ-th element and let ZL(2nℓ) (resp. ZR(2nℓ) )
denote the 2nℓ-th left (resp. right) Suslin-Voevodsky submotive given by C∗(L2nℓ;L)[−2nℓ]
(resp. C∗(L2nℓ;R)[−2nℓ] ) which corresponds to the 2nℓ-th desuspension of C∗(L2nℓ;L) (resp.
C∗(L2nℓ;R) ) (the desuspension sends objects of homological degree (2nℓ+2) to degree 2nℓ )
[Mor].
1.2.4 Presheaf with transfers
C∗(X
sv
L ) (resp. C∗(X
sv
R ) ) has the property to be a presheaf with transfer, i.e. has the
correspondence property of motives. A left (resp. right) correspondence between the
smooth left (resp. right) semischemes XsvL (resp. X
sv
R ) and Y
sv
L (resp. Y
sv
R ), noted
Corr(XsvL , Y
sv
L ) (resp. Corr(X
sv
R , Y
sv
R ) ), is the free abelian semigroup on the set of closed
irreducible subsemischemes XY svL (resp. XY
sv
R ) of X
sv
L ×k Y
sv
L (resp. X
sv
R ×k Y
sv
R ) [Voe]
endowed with the projection fromXY svL (resp. XY
sv
R ) on one of the irreducible components
of XsvL or of Y
sv
L (resp. X
sv
R or of Y
sv
R ).
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1.2.5 Bilinear correspondence on Suslin-Voevodsky semischemes
As left and right semischemes XsvL and X
sv
R are taken into account, we have to introduce
a new kind of correspondence called bilinear left-right (resp. right-left) correspondence
between the left (resp. right) smooth semischeme XsvL (resp. X
sv
R ) and the right (resp.
left) smooth semischeme Y svR (resp. Y
sv
L ). Then, a bilinear left-right (resp. right-left)
correspondence will be given by Corr(Y svR , X
sv
L ) (resp. Corr(Y
sv
L , X
sv
R ) ) and defined as the
free abelian bilinear semigroup on the set of closed irreducible subsemischemes XY svR×L
(resp. XY svL×R ) of Y
sv
R ×X
sv
L (resp. Y
sv
L ×X
sv
R ). This leads to introduce a left (resp. right)
Suslin-Voevodsky motivic bilinear presheaf C∗(Y
sv
R × X
sv
L ) (resp. C∗(Y
sv
L × X
sv
R ) ) from
Y svR ×X
sv
L (resp. Y
sv
L ×X
sv
R ) to the right-left (resp. left-right) chain complex associated
to the bilinear semigroup
⊔
iℓ
HomSmR⊗SmL(∆
•
R×L, SP
iℓ(Corr(Y svR , X
sv
L ))
(resp.
⊔
iℓ
HomSmR⊗SmL(∆
•
L×R, SP
iℓ(Corr(Y svL , X
sv
R )) ).
1.3 Chow motives
1.3.1 Equivalence classes of algebraic cycles
Let XL (resp. XR ) denote a left (resp. right) smooth semischeme of complex dimension
n isomorphic to an algebraic linear semigroup of the same dimension over the extensions
of a field k of characteristic 0 such that
• 2n ≥ 2ℓ ( 2ℓ is the real dimension of the Suslin-Voevodsky semischeme XsvL (resp.
XsvR );
• 2n = Σ
ℓ
iℓ × 2ℓ = Σ
ℓ
2nℓ ;
• i is an integer corresponding to the dimension 2nℓ used in section 1.2;
so, we have that: i ≡ 2nℓ .
Let Z¯ i(XL) (resp. Z¯
i(XR) ) be the semigroup of algebraic semicycles CY
i(XL) (resp.
CYi(XR) ) of codimension i on XL (resp. XR ). As the left (resp. right) semischeme
XL (resp. XR ) is isomorphic to an algebraic linear semigroup of the same dimension
decomposing into conjugacy classes labeled by the integer j (see the introduction and
section 2.4), it can be assumed that the semigroup of algebraic semicycles Z¯ i(XL) (resp.
Z¯ i(XR) ) is partitioned into equivalence classes corresponding to the set of left (resp. right)
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places ω1, · · · , ωr (resp. ω1, · · · , ωr ). So, let Z¯
i(XL[j]) (resp. Z¯
i(XR[j]) ) denote the j-th
equivalence class of the semigroup of algebraic semicycles CYi(XL[j]) (resp. CY
i(XR[j]) )
associated to the place ωj (resp. ωj ) of FL (resp. FR ).
1.3.2 Definition: rational equivalence
On the other hand, the left (resp. right) semicycle CYi(XL[j]) (resp. CY
i(XR[j]) ) must
be rationally equivalent to zero, i.e. there must exist rational functions fCYiL (resp. fCYiR )
on irreducible subschemes of XL (resp. XR ) such that CY
i(XL[j]) (resp. CY
i(XR[j]) )
can be decomposed into a formal sum of (Weil) divisors on fCYiL (resp. fCYiR ) [Mur].
Let Z¯ irat(XL[j]) (resp. Z¯
i
rat(XR[j]) ) denote the j-th equivalence class of the semigroup
of algebraic semicycles of codimension i rationally equivalent to zero, i.e. Z¯ irat(XL[j]) =
{CYi(XL[j]) ∈ Z¯
i(XL[j]) | CY
i(XL[j]) be rationally equivalent to zero} (idem for
Z¯ irat(XR[j]) ). Thus, we have that
CHi(XL) =
Z¯ i(XL)
Z¯ irat(XL)
(resp. CHi(XR) =
Z¯ i(XR)
Z¯ irat(XR)
)
is the i-th left (resp. right) Chow semigroup of XL (resp. XR ) and that
CHi(XL[j]) =
Z¯ i(XL[j])
Z¯ irat(XL[j])
(resp. CHi(XR[j]) =
Z¯ i(XR[j])
Z¯ irat(XR[j])
)
is the j-th equivalence class of the i-th left (resp. right) Chow semigroup.
1.3.3 Lemma
If a numerical equivalence is considered for the i-th left (resp. right) Chow semigroup
CHi(XL) (resp. CH
i(XR) ), then it can be partitioned according to:
CHi(XL) =
i
⊕
m=1
⊕
j
CH1m(XL[j])
(resp. CHi(XR) =
i
⊕
m=1
⊕
j
CH1m(XR[j]) )
where CH1m(XL[j]) (resp. CH
1
m(XR[j]) ) is the j-th equivalence class of the one-dimensional
simple left (resp. right) Chow semigroup CH1m(XL) (resp. CH
1
m(XR) ).
Proof : an algebraic semicycle CYi(XL) ∈ Z¯
i(XL) (resp. CY
i(XR) ∈ Z¯
i(XL) ) is said to
be numerically equivalent to zero if, for all algebraic semicycles CY2n−i(XL) ∈ Z¯
2n−i(XL)
(resp. CY2n−i(XR) ∈ Z¯
2n−i(XR) ), the intersection number #(CY
i(XL) ·CY
2n−i(XL)) = 0
(idem for right part).
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According to U. Jannsen [Jan2], the category of motives is a semisimple abelian cate-
gory if there is a numerical equivalence on the cycles of the Chow semigroup CHi(XL)
(resp. CHi(XR) ) of the motives. So, if there is a numerical equivalence on the algebraic
semicycles CYi(XL) (resp. CH
i(XR) ), the i-th Chow semigroup can decompose as a direct
sum of simple one-dimensional semigroups CH1m(XL) (resp. CH
1
m(XR) ). So, the numerical
equivalence on algebraic cycles is stronger than rational equivalence and implies it.
1.3.4 Definition: reducibility of algebraic semicycles
A left (resp. right) algebraic semicycle thus decomposes following:
CYi(XL) = ⊕
j
i
⊕
m=1
⊕
mjm
CY1m(XL[j])
(resp. CYi(XR) = ⊕
j
i
⊕
m=1
⊕
mjm
CY1m(XR[j]) )
where mjm denotes the equivalent representatives of the m-th one-dimensional semicycle
CY1m(XL[j]) (resp. CY
1
m(XR[j]) ).
1.3.5 Proposition
Let CH(XL) =
2n
⊕
i=1
CHi(XL) (resp. CH(XR) =
2n
⊕
i=1
CHi(XR) ) be the left (resp. right) Chow
semiring.
If numerical equivalence is considered for the algebraic semicycles of all codimensions, the
Chow semiring CH(XL) (resp. CH(XR) ) develops according to:
CH(XL) =
2n
⊕
i=1
⊕
j
i
⊕
m=1
CH1i;m(XL[j])
(resp. CH(XR) =
2n
⊕
i=1
⊕
j
i
⊕
m=1
CH1i;m(XR[j]) )
and has for elements:
CY(XL) =
2n
⊕
i=1
⊕
j
i
⊕
m=1
⊕
mjm
CY1i;m(XL[j])
(resp. CY(XR) =
2n
⊕
i=1
⊕
j
i
⊕
m=1
⊕
mjm
CY1i;m(XR[j]) ).
CH(XL) (resp. CH(XR) ) is thus a semisimple semiring (see [D-M], [Ram] for a recent
literature on this subject).
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1.3.6 Definition
A pure Chow motive restricted to the left or right case considered here is commonly de-
fined as being a pair (XL,Corr
0(XL, XL)) (resp. (XR,Corr
0(XR, XR)) ) consisting in a
left (resp. right) smooth semischeme XL (resp. XR ) having a decomposition in the
left (resp. right) Chow semiring CH(XL) (resp. CH(XR) ) as developed in Proposition
1.3.5 and a left (resp. right) correspondence [Mur] Corr0(XL, XL) = CH
0(XL, XL) (resp.
Corr0(XR, XR) = CH
0(XR, XR) ) which is the set of left (resp. right) projectors of XL
(resp. XR ).
1.3.7 Proposition
The category of left (resp. right) Chow semimotives is additive, semisimple and graded by
weights.
Proof : results directly from Proposition 1.3.5.
1.3.8 Definition: product of Chow semirings
As in 1.2.5, a bilinear correspondence Corr(XR, XL) can be introduced and defined by
Corr(XR, XL) = CH(XR × XL) ≃ CH(XR) × CH(XL) . This leads to introduce the
product between a right and a left Chow semiring which can be developed according to:
CH(XR)× CH(XL) =
(
⊕
i
⊕
j
i
⊕
mR=1
CH1i;mR(XR[j])
)
×
(
⊕
i
⊕
j
i
⊕
i;mL
CH1i;mL(XL[j])
)
=⊕
i
⊕
j
⊕
mR=mL=m
CH1i;m(XR[j])× CH
1
i;m(XL[j])
⊕
i
⊕
j
⊕
mR 6=mL
CH1i;mR(XR[j])× CH
1
i;mL
(XL[j])
where the first direct sum gives rise to a bilinear intersection pairing:
CH1i;m(XR[j])× CH
1
i;m(XL[j])→ CH
1
i;m(XR×L[j])
while the second direct sum yields a bilinear mixed intersection pairing:
CH1i;mR(XR[j])× CH
1
i;mL
(XL[j])→ CH
0
i;mR;mL
(XR×L[j]) .
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1.3.9 Proposition
Let C∗(X
sv
L ) (resp. C∗(X
sv
R ) ) be the left (resp. right) Suslin-Voevodsky reducible motivic
presheaf represented by
⊔
iℓ
⊔
j
⊔
m
HomSmL/k(∆
•
L, Cm(SP
iℓ(XsvL [j])))
(resp.
⊔
iℓ
⊔
j
⊔
m
HomSmR/k(∆
•
R, Cm(SP
iℓ(XsvR [j]))) )
and let CH(XL) = ⊕
i
⊕
j
⊕
m
CH1i;m(XL[j]) (resp. CH(XR) = ⊕
i
⊕
j
⊕
m
CH1i;m(XR[j]) ) be the left
(resp. right) reducible Chow semiring of XL (resp. XR ).
Then, we can envisage the maps:
MotL : C∗(X
sv
L )
∼
−−−→ (XL,Corr
0(XL, XL))
(resp. MotR : C∗(X
sv
R )
∼
−−−→ (XR,Corr
0(XR, XR)) )
which are bijective between the pure left (resp. right) Suslin-Voevodsky semimotive and
the corresponding pure left (resp. right) Chow semimotive (XL,Corr
0(XL, XL)) (resp.
(XR,Corr
0(XR, XR)) ).
Proof : this is a direct consequence of the developments of this chapter connecting:
• the dimension 2n of XL (resp. XR ) with the dimension 2ℓ of X
sv
L (resp. X
sv
R ) by
the relation 2n = Σ
ℓ
iℓ × 2ℓ ;
• the reducibility of C∗(X
sv
L ) (resp. C∗(X
sv
R ) ) to the reducibility of CH(XL) (resp.
CH(XR) ).
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2 Nonabelian global class field concepts based on the
representation of an algebraic bilinear semigroup
2.1 The general bilinear algebraic semigroup
2.1.1 From the abelian global class field theory towards a nonabelian global
class field theory: a summary
In section 1.1, packets of left and right equivalent complex pseudo-ramified completions
associated respectively with the left and right algebraic extension semifields F˜L and F˜R
were introduced so that:
a) the j-th packet of the left (resp. right) complex pseudo-ramified completions is
composed of the basic completion Fωj (resp. Fωj ) and of the equivalent completions
Fωj,mj (resp. Fωj,mj ): these completions are characterized by a rank given by the
extension degree of the associated extension:
[F˜ωj : k] = ∗+ (j ·N) m
(j) ,
(resp. [F˜ωj : k] = ∗+ (j ·N) m
(j) );
but, as mentioned in sections 1.1.9 and 1.1.10, the completions with ranks[F˜ωj : k] =
(j · N) m(j) (resp. [F˜ωj : k] = (j · N) m
(j) ) and [F˜ωj,mj : k] = (j · N) m
(j) (resp.
[F˜ωj,mj : k] = (j ·N) m
(j) ) will only be taken into account.
b) as the basic completion Fωj (resp. Fωj ) is generated from an irreducible central
completion Fω1j (resp. Fω1j ), the basic completions Fωj (resp. Fωj ) and the equivalent
completions Fωj,mj (resp. Fωj,mj ) will be respectively decomposed into j irreducible
equivalent subcompletions F
ωj
′
j
, 1 ≤ j′ ≤ j , (resp. F
ωj
′
j
) and F
ωj
′
j,mj
(resp. F
ωj
′
j,mj
)
or rank N ·m(j) .
c) a character χωj (resp. χωj ) is associated to each basic completion Fωj (resp. Fωj );
and an equivalent Dirichlet character χωj,mj (resp. χωj,mj ) corresponds the equivalent
completion Fωj,mj (resp. Fωj,mj ).
d) the left (resp. right) j-th packet of complex pseudo-ramified extensions corresponds
to the j-th left (resp. right) place ωj (resp. ωj ) of FL (resp. FR ).
e) a left (resp. right) infinite adele semiring was constructed from the tower Fω (resp.
Fω ) of these packets of equivalent completions characterized by increasing ranks
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according to:
A∞Fω = Π
jp=1
Fωjp (resp. A
∞
Fω
= Π
jp=1
Fωjp ),
where:
• Fω = {Fω1 , · · · , Fωj,mj , · · · , Fωr} (resp. Fω = {Fω1 , · · · , Fωj,mj , · · · , Fωr} );
• Fω⊕ = ⊕
j
⊕
mj
Fωj,mj (resp. Fω⊕ = ⊕j
⊕
mj
Fωj,mj ) (see section. 1.1.6).
• So, the set of packets of left (resp. right) complex pseudo-ramified extensions cov-
ering the associated completions is a left (resp. right) affine semigroup S 1L (resp.
S 1R ) whose complex fibers are one-dimensional and to which a “complex” Picard
semigroup Pic(F˜ω) (resp. Pic(F˜ω) ) corresponds: Pic(F˜ω) (resp. Pic(F˜ω) ) thus is the
set of r isomorphism classes of finitely generated semimodules of complex dimension
1 over F˜ω (resp. F˜ω ).
• These few considerations relative to complex pseudo-ramified extensions (real pseudo-
ramified extensions can be handled similarly) deal with the abelian class field theory.
Now, the n-dimensional global Langlands program is based on nonabelian global class
field theory [Lan2]. The challenge then consists in constructing the n-dimensional
analog of the affine semigroup S 1L (resp. S
1
R ) such that we get an injective homo-
morphism:
σL : W
ab
FL −−−→ GLn(F˜ω⊕)
(resp. σR : W
ab
FR −−−→ GLn(F˜ω⊕) )
from the Weil global group W abFL (resp. W
ab
FR
) to GLn(F˜ω⊕) (resp. GLn(F˜ω⊕) ).
More concretely, as it was justified in the introduction and in [Pie3], bilinearity,
instead of linearity, will be envisaged: so, enveloping (semi)algebras Ae = A⊗R Aop
of a given R-(semi)algebra A , where Aop denotes the opposite (semi)algebra of A ,
as well as bisemialgebras will be considered. Thus, we are interested in the products,
right by left:
– of infinite adele semirings A∞Fω×A
∞
Fω and of semigroups Fω×Fω and Fω⊕×Fω⊕ .
– of Picard semigroups Pic(F˜ω)× Pic(F˜ω) .
– of affine semigroups S 1R × S
1
L .
– of Weil global groups W abFR ×W
ab
FL
.
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• The n-dimensional analog of the bilinear affine semigroup S 1R × S
1
L will be a 2n-
dimensional bilinear affine semigroup which is a reductive (and semisimple) bilin-
ear algebraic semigroup G(2n)(F˜ω × F˜ω) considered as generated from the product
GLn(F˜ω × F˜ω) ≡ T tn(F˜ω) × Tn(F˜ω) of the group T
t
n(F˜ω) of lower triangular matrices
with entries in F˜ω by the group Tn(F˜ω) of upper triangular matrices with entries
in F˜ω . So, the algebraic bilinear affine semigroup G
(2n)(F˜ω × F˜ω) over F˜ω × F˜ω ,
resulting from the general bilinear algebraic semigroup of matrices GLn(F˜ω × F˜ω) ,
is a GLn(F˜ω × F˜ω)-bisemimodule M˜R ⊗ M˜L (see the appendix).
Recall that a reductive (resp. semisimple) group is a group having no unipotent
(resp. solvable) infinite normal subgroup.
• The consideration of a bilinear algebraic semigroup is justified by the fact that a
bilinear algebraic (semi)group covers its linear equivalent as it is proved in proposition
2.1.7: this leads us to take into account bialgebras and enveloping algebras.
As the bilinear algebraic semigroup G(2n)(F˜ω × F˜ω) is built over (F˜ω × F˜ω) , it is
composed of r conjugacy classes, 1 ≤ j ≤ r , having multiplicities m(r) = sup(mr+1)
and corresponding to the r biplaces of (Fω×Fω) . Note that m(r) denotes the number
of equivalent representatives in the r-th conjugacy class.
The algebraic representation of the bilinear algebraic semigroup of matrices GLn(F˜ω×
F˜ω) into the GLn(F˜ω × F˜ω) -bisemimodule (M˜R ⊗ M˜L) corresponds to an algebraic
morphism from GLn(F˜ω× F˜ω) into GL(M˜R⊗ M˜L) where GL(M˜R⊗ M˜L) denotes the
group of automorphisms of M˜R ⊗ M˜L .
Let M˜R⊕ ⊗ M˜L⊕ be the representation space of GLn(F˜ω⊕ × F˜ω⊕) decomposing into
the direct sum of subbisemimodules representing its conjugacy classes as it will be
seen in section 2.1.3.
Then, GL(M˜R⊕ ⊗ M˜L⊕) constitutes the 2n-dimensional equivalent of the product
W abFR×W
ab
FL
of the global Weil groups and the bilinear algebraic semigroup G(2n)(F˜ω⊕×
F˜ω⊕) becomes naturally the 2n-dimensional (irreducible) representation space
(Irr) Rep
(2n)
WFR×L
(W abFR ×W
ab
RL
) of (W abFR ×W
ab
RL
) . The isomorphisms [Bor2]:
ialg : GLn(F˜ω × F˜ω) −−−→ G
(2n)(F˜ω × F˜ω) ,
iaut : GL(M˜R ⊗ M˜L) −−−→ GLn(F˜ω × F˜ω) ,
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leading to the (irreducible) representation
(Irr) Rep
(2n)
W eFR×L
(W abFR ×W
ab
FL
) : GL(M˜R⊕ ⊗ M˜L⊕) −−−→ G
(2n)(F˜ω⊕ × F˜ω⊕) ,
implying the injective homomorphism:
σR × σL : W
ab
FR
×W abFL −−−→ GLn(F˜ω⊕ × F˜ω⊕)
as announced precedingly.
• So, the main purpose of chapter 2 will consist in introducing the bilinear algebraic
semigroup G(2n)(F˜ω×F˜ω) and in showing how it can be cut into conjugacy (bi)classes
under the actions of Hecke operators. On these basis, nonabelian global class field
concepts will be taken up.
2.1.2 Notations
The developments of this chapter will concern complex (algebraically closed) symmetric
extension semifields F˜L and F˜R of a global number field k , taking into account that the
“real” case can be handled similarly.
Let then
F˜ω⊕ =
r
⊕
j=1
F˜ωj ⊕
j,mj
F˜ωj,mj
(resp. F˜ω⊕ =
r
⊕
j=1
F˜ωj ⊕
j,mj
F˜ωj,mj )
denote the sum of the left (resp. right) complex pseudo-ramified basic and equivalent
decompositions of the semifield F˜L (resp. F˜R ) at the set of complex places ωj (resp. ωj )
as introduced in section 1.1.6 and let
F˜ nrω⊕ =
r
⊕
j=1
F˜ nrωj ⊕
j,mj
F˜ nrωj,mj
(resp. F˜ nrω⊕ =
r
⊕
j=1
F˜ωj ⊕
j,mj
F˜ nrωj,mj
)
denote the sum of the respective pseudo-unramified extensions.
2.1.3 The general reductive bilinear algebraic semigroups
a) • If we refer to the introduction, the Gauss bilinear decomposition of the algebraic
bilinear semigroup of matrices GLn(F˜R× F˜L) over the product of the extension
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semifields F˜R and F˜L can be developed according to:
GLn(F˜R × F˜L) ≡ T
t
n(F˜R)× Tn(F˜L)
= [Dn(F˜R)× UT
t
n(F˜R)]× [UTn(F˜L)×Dn(F˜L)]
in such a way that
Tn(F˜L) : F˜L −−−→ T
(2n)(F˜L)
(resp. T tn(F˜R) : F˜R −−−→ T
(2n)(F˜R) )
can be viewed as an operator sending F˜L (resp. F˜R ) into the affine semispace
T (2n)(F˜L) (resp. T
(2n)(F˜R) ) of dimension 2n .
If FL (resp FR ) denotes the set of equivalence classes of the completions asso-
ciated with F˜L (resp. F˜R ), then we have the commutative diagram:
F˜L
Tn−−−→ T (2n)(F˜L)y y
FL
Tn−−−→ T (2n)(FL)
( resp.
F˜R
T tn−−−→ T (2n)(F˜R)y y
FR
T tn−−−→ T (2n)(FR)
)
where T (2n)(FL) (resp. T
(2n)(FR) ) is the locally compact linear complete semi-
group isomorphic to T (2n)(F˜L) (resp. T
(2n)(F˜R) ).
• The question which arises now consists in knowing in what extent the generation
of the affine semispace T (2n)(F˜L) (resp. T
(2n)(F˜R) ) from the “action” of the
group of upper (resp. lower) triangular matrices Tn() (resp. T
t
n() ) on the
semifield F˜L (resp. F˜R ) corresponds to the “cross action” of the group of upper
(resp. lower) unitriangular matrices UTn() (resp. UT
t
n() ) by the group of
diagonal matrices Dn() .
The response lies on the existence of a lattice decomposing the semifield F˜L
(resp. F˜R ) into conjugacy classes which are in one-to-one correspondence with
the places of FL (resp. FR ) in such a way that, at each place ωj (resp. ωj ),
we have a basic completion Fωj (resp. Fωj ) and a set of equivalent completions
{Fωj,mj }mj 6=0 (resp. {Fωj,mj }mj 6=0 ) as developed in section 1.1.5.
• Let then F˜bL (resp. F˜bR ) denote the subfield of F˜L (resp. F˜R ) composed
of the extensions which are in one-to-one correspondence with the set {Fωj}j
(resp. {Fωj}j ) of basic completions of FL (resp. FR ) and let F˜eqL = F˜L \ F˜bL
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(resp. F˜eqR = F˜R \ F˜bR ) denote the subfield of F˜L (resp. F˜R ) being in one-to-
one correspondence with the set of equivalent completions {Fωj,mj }mj 6=0 (resp.
{Fωj,mj }mj 6=0 ).
• Then, the “action” of Tn() (resp. T tn() ) will clearly correspond to the “ cross
action” of UTn() (resp. UT
t
n() ) by Dn() if:
– Dn() acts on the basic subfield F˜bL (resp. F˜bR );
– UTn() (resp. UT
t
n() ) acts on the complementary subfield F˜eqL (resp.
F˜eqR ).
By this way, the diagonal group Dn() generates an affine subsemispace
T (2n)(F˜bL) ⊂ T
(2n)(F˜L) (resp. T
(2n)(F˜bR) ⊂ T
(2n)(F˜R) ) in one-to-one corre-
spondence with the set of basic conjugacy class representatives of T (2n)(FL)
(resp. T (2n)(FR) ), generated from the set of basic completions {Fωj}j (resp.
{Fωj}j ), while the unitriagonal group UTn() (resp. UT
t
n() ) generates an affine
subspace T (2n)(F˜eqL) ⊂ T
(2n)(F˜L) (resp. T
(2n)(F˜eqR) ⊂ T
(2n)(F˜R) ), complemen-
tary of T (2n)(F˜bL) ⊂ T
(2n)(F˜L) (resp. T
(2n)(F˜bR) ⊂ T
(2n)(F˜R) ), in one-to-one
correspondence with the set of equivalent conjugacy class representatives of
T (2n)(FL) (resp. T
(2n)(FR) ), generated from the set of equivalent completions
{Fωj,mj }mj 6=0 (resp. {Fωj,mj }mj 6=0 ).
• So, we can state more precisely that:
Tn(F˜L) = UTn(F˜bL)×Dn(F˜bL)
(resp. T tn(F˜R) = Dn(F˜bR)× UT
t
n(F˜bR) )
where:
F˜L = F˜bL ∪ F˜eqL (resp. F˜R = F˜bR ∪ F˜eqR ),
but, the standard easier notation
Tn(F˜L) = UTn(F˜L)×Dn(F˜L)
(resp. Tn(F˜R) = Dn(F˜R)× UT
t
n(F˜R) )
will be commonly used in the following.
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We can then summarize all that in the diagram:
F˜bL F˜eqL
F˜L
T (n)(F˜bL) T
(n)(F˜eqL)
T (n)(F˜L)
Dn(·) UTn(·)
Tn(·)
(the right case being handled similarly).
b) • Let BL and BR be two division semialgebras of dimension 2n respectively over
the centers F˜L and F˜R such that BR be the opposite division semialgebra of
BL . Similarly, let Bω and Bω denote two division semialgebras of dimension
n respectively over Fω and Fω . If we fix an isomorphism: Bω ≃ Tn(Fω) (resp.
Bω ≃ T tn(Fω) ), where Tn(Fω) (resp. T
t
n(Fω) ) denotes the matrix algebra of
upper (resp. lower) Borel triangular matrices, then we have that:
Bω ⊗Bω ≃ T
t
n(Fω)× Tn(Fω) ≡ GLn(Fω × Fω) .
GLn(Fω×Fω) thus is a reductive bilinear general complete semigroup of invert-
ible n × n matrices over Fω × Fω having its representation space given by the
tensor productMR⊗ML of a right 2n-dimensional Bω-semimoduleMR by a left
2n-dimensional Bω-semimodule ML so that ML is provided with a left action of
Tn(Fω) while MR is provided with a right action of T
t
n(Fω) .
• We could also consider the bilinear complete semigroup GLn(Fω⊕ × Fω⊕) over
product, right by left, of sums of complex pseudo-ramified completions Fω⊕ =
⊕
j
⊕
mj
Fωj,mj and Fω⊕ = ⊕j
⊕
mj
Fωj,mj .
Its representation space is given by the tensor product MR⊕⊗ML⊕ of a right n-
dimensional T tn(Fω⊕)-semimoduleMR⊕ by its left equivalent Tn(Fω⊕)-semimodule
ML⊕ in such a way that MR⊕ ⊗ML⊕ decomposes according to:
MR⊕ ⊗ML⊕ = ⊕
j
⊕
mj
(Mωj,mj ⊗Mωj,mj )
where Mωj,mj (resp. Mωj,mj ) are Bωj,mj -subsemimodules (resp. Bωj,mj -subsemi-
modules).
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This decomposition is a consequence of the decomposition of Fω⊕×Fω⊕ accord-
ing to:
Fω⊕ × Fω⊕ = ⊕
j
⊕
mj
(Fωj,mj × Fωj,mj ) .
• Similarly, the bilinear general complete semigroup of matrices over the product
A∞Fω × A
∞
Fω
of infinite adele semirings is given by:
GLn(A
∞
Fω
× A∞Fω) ≡ T
t
n(A
∞
Fω
)× Tn(A
∞
Fω)
and verify
BA∞Fω
⊗ BA∞Fω ≃ GLn(A
∞
Fω
× A∞Fω)
where BA∞Fω (resp. BA
∞
Fω
) is a division semialgebra of dimension n over the
adele semiring A∞Fω (resp. A
∞
Fω
).
Its representation space is given by the tensor product MR π© ⊗ ML π© of the
Tn(A
∞
Fω)-semimodule ML π© by the T
t
n(A
∞
Fω
)-semimodule MR π© which decompose
respectively according to:
ML π© = Π
jp
Mωjp and MR π© = Π
jp
Mωjp
where Mωjp (resp. Mωjp ) is a 2n-dimensional Bωjp -subsemimodule (resp. Bωjp -
subsemimodule) on the jp-th Archimedean prime complex place ωjp (resp. ωjp )
in the sense of section 1.1.6.
• The pseudo-unramified case can be introduced similarly. Indeed, let Bnrω and
Bnrω denote two division semialgebras of dimension 2n respectively over the sums
F nrω and F
nr
ω of pseudo-unramified completions of the semifields F˜L and F˜R .
Fixing the isomorphisms: Bnrω ≃ Tn(F
nr
ω ) and B
nr
ω ≃ T
t
n(F
nr
ω ) , we get:
Bnrω ⊗ B
nr
ω ≃ T
t
n(F
nr
ω )× Tn(F
nr
ω ) ≡ GLn(F
nr
ω × F
nr
ω )
and GLn(F
nr
ω ×F
nr
ω ) has for representation space the tensor productM
nr
R ⊗M
nr
L
of a pseudo-unramified right Bnrω -semimodule M
nr
R by its left equivalent M
nr
L .
The bilinear general complete semigroup of invertible matrices over the prod-
uct A nr,∞Fω × A
nr,∞
Fω
of pseudo-unramified infinite adele semirings is given by
GLn(A
nr,∞
Fω
× A nr,∞Fω ) and verifies:
BA nr,∞Fω
⊗BA nr,∞Fω ≃ GLn(A
nr,∞
Fω
× A nr,∞Fω ) .
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2.1.4 Proposition
a) Any matrix gn(Fωj × Fωj ) ∈ GLn(Fω × Fω) , restricted over the product Fωj ×Fωj of
the completions Fωj and Fωj , has the following Gauss bilinear decomposition:
gn(Fωj × Fωj) = [(dn(Fωj )× dn(Fωj)]× [u
t
n(Fωj ]× un(Fωj ]
where
• dn(Fωj ) ∈ Dn(Fω) is an element of the group Dn(Fω) of diagonal matrices of
order n .
• un(Fωj ) ∈ UTn(Fω) is an element of the group UTn(Fω) of upper unitriangular
matrices.
b) The representation space (MR ⊗ML) of GLn(Fω × Fω) is (bi)-homomorphic to the
representation space MR⊕ ⊗ML⊕ of GLn(Fω⊕×Fω⊕) and to the representation space
MR π© ⊗ML π© of GLn(A
∞
Fω
× A∞Fω) as it can be figured in the commutative diagram:
GLn(Fω × Fω) −−−→ GLn(Fω⊕ × Fω⊕)y y
MR ⊗ML
H⊕
−−−→ MR⊕ ⊗ML⊕yH π©
MR π© ⊗ML π©x
GLn(A
∞
Fω
× A∞Fω)
H π©
→
⊕
H⊕
→
π©
Proof :
a) The Gauss bilinear decomposition of gn(Fωj × Fωj) is an evident and natural gen-
eralization of the classical Gauss linear decomposition of the elements gn(F ) of the
general linear group GLn(F ) where F denotes a number field.
The diagonal (Bωj ⊗ Bωj )-subbisemimodules Mωj ⊗ Mωj correspond to the diago-
nal representation space of Dn(Fω × Fω) , while the off-diagonal (Bωj,mj ⊗ Bωj,mj )-
subbisemimodulesMωj,mj⊗Mωj,mj correspond to the off-diagonal representation space
of GLn(Fω × Fω) .
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Thus, the off-diagonal subsemimodules Mωj,mj ⊗Mωj,mj are obtained from the diago-
nal subbisemimodules under the off-diagonal nilpotent action of UT tn(Fω)×UTn(Fω) .
b) As GLn(Fω⊕ × Fω⊕) and GLn(A
∞
Fω
× A∞Fω) are bilinear subgroups of GLn(Fω × Fω)
by construction according to section 2.1.3, the homomorphisms:
H⊕ : MR⊗ML −−−→ MR⊕⊗ML⊕ and H π© : MR⊗ML −−−→ MR π©⊗ML π©
on their representation spaces follow directly.
On the other hand, the isomorphism
H⊕→ π© : MR⊕ ⊗ML⊕ −−−→ MR π© ⊗ML π© ,
which is postutaled, results from the equality between the developments in series and
in Eulerian products of the associated L-functions.
2.1.5 Corollary
1. The GLn(Fω⊕×Fω⊕)-bisemimoduleMR⊕⊗ML⊗ and the GLn(A
∞
Fω
×A∞Fω)-bisemimodule
MR π© ⊗ML π© are representation spaces of the bilinear complete semigroup GLn(Fω ×
Fω) .
2. The GLn(Fω × Fω)-bisemimodule MR ⊗ML is a representation space of the bilinear
algebraic semigroup GLn(A
∞
Fω
× A∞Fω) .
Proof :
1. Part 1. of the corollary results from the homomorphism:
GLn(Fω × Fω) −−−→ MR ⊗ML −−−→ MR π© ⊗ML π©y
MR⊕ ⊗ML⊕
2. Part 2. of the corollary results from the homomorphism:
GLn(A
∞
Fω
× A∞Fω) −−−→ MR π© ⊗ML π© −−−→ MR ⊗ML
3. and so on.
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2.1.6 Linear and bilinear algebraic (semi)groups
Let F˜ω−ω = F˜ω ∪ F˜ω denote the set of extensions decomposing the algebraically (closed)
symmetric splitting field F˜ = F˜R ∪ F˜L .
Let GLn(F˜ω−ω) denote the group of invertible n× n matrices with entries in F˜ω−ω . Then,
the algebraic general linear group GLn(F˜ω−ω) has for representation space a vectorial space
W of dimension 4n2 isomorphic to (F˜ω−ω)
4n2 and has the Gauss decomposition:
gn(F˜ω−ωj ) = (u
t
n(F˜ω−ωj )× un(F˜ω−ωj ))× dn(F˜ω−ωj )]
for any matrix gn(F˜ω−ωj ) ∈ GLn(F˜ω−ω) .
On the other hand, let GLn(F˜ω × F˜ω) be the bilinear algebraic semigroup as introduced in
section 2.1.3. It has the Gauss bilinear decomposition introduced in proposition 2.1.4.
Then, the linear algebraic group GLn(F˜ω−ω) and the bilinear algebraic semigroup are in
one-to-one correspondence under the conditions of proposition 2.1.7.
2.1.7 Proposition
Let F˜ω−ω = F˜ω ∪ F˜ω denote the set of extensions decomposing the algebraically closed
symmetric splitting field F˜ = F˜R ∪ F˜L .
Let gn(F˜ω−ωj) = (u
t
n(F˜ω−ωj ) × un(F˜ω−ωj )) × dn(F˜ω−ωj ) be the Gauss decomposition of the
matrix gn(F˜ω−ωj) of the linear algebraic group GLn(F˜ω−ωj) .
And, let
gn(F˜ωj × F˜ωj ) = [(dn(F˜ωj )× dn(F˜ωj )]× [u
t
n(F˜ωj)× un(F˜ωj )]
be the Gauss decomposition of the matrix gn(F˜ωj × F˜ωj ) of the bilinear algebraic semigroup
GLn(F˜ω × F˜ω) .
Then, if we take into account the maps:
a) un(F˜ω−ωj )
∼
−−−→ un(F˜ωj ) ,
b) utn(F˜ω−ωj )
∼
−−−→ utn(F˜ωj ) ,
c) dn(F˜ω−ωj) −−−→ dn(F˜ωj)× dn(F˜ωj) ,
1. the linear algebraic group GLn(F˜ω−ω) is in one-to-one correspondence with the bilin-
ear algebraic semigroup GLn(F˜ω × F˜ω) ;
2. the 4n2-dimensional representation space W of GLn(F˜ω−ω) coincides with the 4n
2-
dimensional representation space M˜R ⊗ M˜L of GLn(F˜ω × F˜ω) .
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Proof :
1. the maps a) and b) send the unipotent matrices un(F˜ω−ωj) and u
t
n(F˜ω−ωj) , with
entries in the completions of the symmetric splitting field F˜ , respectively in the
unipotent matrices un(F˜ωj) , with entries in the extensions F˜ωj , restricted to the
upper half space, and in the transposed unipotent matrices utn(F˜ωj ) , with entries in
the extensions F˜ωj , restricted to the lower half space.
2. the map c) sends the centralizer dn(F˜ω−ωj ) of gn(F˜ω−ωj) ∈ GLn(F˜ω−ω) into the “bi-
linear” centralizer dn(F˜ωj × F˜ωj ) = dn(F˜ωj )× dn(F˜ωj ) of the matrix gn(F˜ωj × F˜ωj ) ∈
GLn(F˜ω × F˜ω) .
3. Consequently, the basis of the 4n2-dimensional representation space W of the “lin-
ear” algebraic group GLn(F˜ω−ω) must correspond to the basis of the 4n
2-dimensional
representation space M˜R ⊗ M˜L of the bilinear algebraic semigroup GLn(F˜ω × F˜ω) ,
which implies that W ≃ M˜R ⊗ M˜L . This means that the linear algebraic group
GLn(F˜ω−ω) is in fact in one-to-one correspondence with the bilinear algebraic semi-
group GLn(F˜ω × F˜ω) .
2.2 Lattices and Hecke algebras
2.2.1 Maximal orders and lattices
Fix the maximal orders O eF,ω of F˜ω , O eF ,ω of F˜ω , O eFnr ,ω of F˜
nr
ω and O eFnr ,ω of F˜
nr
ω .
Then, the equivalent of the maximal order Λω (resp. Λω ) in the division semialgebra Bω
(resp. Bω ) is a pseudo-ramified Z
/
N Z -lattice in the left (resp. right) Bω (resp. Bω )-
semimodule ML (resp. MR ). Similarly, the equivalent of the maximal order Λ
nr
ω (resp.
Λnrω ) in B
nr
ω (resp. B
nr
ω ) is a (pseudo-)unramified Z -lattice in the (pseudo-)unramified
left (resp. right) Bnrω (resp. B
nr
ω )-semimodule M
nr
L (resp. M
nr
R ).
Considering the decomposition of Fω and Fω into pseudo-ramified completions and of
F nrω and F
nr
ω into pseudo-unramified completions according to section 2.1.2, we have the
expected decomposition of the pseudo-ramified Z
/
N Z -lattice Λω (resp. Λω ) into:
Λω = ⊕
j
⊕
mj
Λωj,mj (resp. Λω = ⊕j
⊕
mj
Λωj,mj )
where Λωj,mj ≃ OBωj,mj
is a (pseudo-)ramified sublattice in the Bωj,mj -subsemimodule
Mωj,mj .
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In the (pseudo-)unramified case, we have the similar decomposition of the pseudo-unramified
Z -lattice Λnrω (resp. Λ
nr
ω ) into:
Λnrω = ⊕
j
⊕
mj
Λnrωj,mj
(resp. Λnrω = ⊕
j
⊕
mj
Λnrωj,mj
).
On the other hand, we can fix the isomorphisms:
Λω ≃ Tn(OF,ω) (resp. Λω ≃ T
t
n(OF,ω) )
and Λnrω ≃ Tn(OFnr ,ω) (resp. Λ
nr
ω ≃ T
t
n(OFnr,ω) )
for the pseudo-ramified and pseudo-unramified lattices.
2.2.2 Proposition
Let Λω and Λω be pseudo-ramified Z
/
N Z -lattices and Λnrω and Λ
nr
ω be the corresponding
pseudo-unramified Z -lattices as introduced in section 2.2.1. Then, the pseudo-ramified
bilattice Λω ⊗ Λω in the Bω ⊗Bω-bisemimodule MR ⊗ML
• verifies:
Λω ⊗ Λω ≃ T
t
n(OF,ω)× Tn(OF,ω)
≃ GLn(OF,ω ×OF,ω) .
• has the decomposition:
Λω ⊗ Λω = ⊕
j
⊕
mj
(Λωj,mj ⊗ Λωj,mj )
into subbilattices Λωj,mj ⊗ Λωj,mj .
And the pseudo-unramified bilattice Λnrω ⊗Λ
nr
ω in the B
nr
ω ⊗B
nr
ω -bisemimodule M
nr
R ⊗M
nr
L
• satisfies:
Λnrω ⊗ Λ
nr
ω ≃ T
t
n(OFnr,ω)× Tn(OFnr ,ω)
≃ GLn(OFnr ,ω ×OFnr ,ω) .
• has the decomposition:
Λnrω ⊗ Λ
nr
ω = ⊕
j
⊕
mj
(Λnrωj,mj
⊗ Λnrωj,mj ) .
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2.2.3 Proposition
Consider that GLn(OF,ω ×OF,ω) has the following Gauss bilinear decomposition:
GLn(OF,ω ×OF,ω) = [Dn(OF,ω)×Dn(OF,ω)]× [UTn(OF,ω)× UT
t
n(OF,ω)]
(see section 2.1.3).
Then, the nilpotent action of [UTn(OF,ω)×UT tn(OF,ω)] on [Dn(OF,ω)×Dn(OF,ω)] generates
the off-diagonal subbilattices Λωj,mj ⊗ Λωj,mj equivalent to the basic subbilatice Λωj ,m0 ⊗
Λωj ,m0 ≡ Λωj ⊗ Λωj for every 1 ≤ j ≤ r .
Proof : This is a direct consequence of the generation of equivalent completions Fωj,mj ×
Fωj,mj from the basic completion Fωj ⊗ Fωj by the action of the nilpotent group element
uω2j ,m2j as developed in section 1.1.5.
2.2.4 Definition: global decomposition groups and Frobenius automorphisms
1. Let gn(Oωj×Oωj ) = [dn(Oωj )·dn(Oωj )][un(Oωj )·un(Oωj)
t] denote the j-th component
of GLn(OF,ω ×OF,ω) .
The nilpotent part [un(Oωj) ·un(Oωj )
t] of gn(Oωj ×Oωj ) is interpreted in the pseudo-
ramified case as the element of the decomposition group of the j-th bisublattice in
(M˜R⊗M˜L) . The decomposition group element referring to the (j,mj)-th bisublattice
is denoted Dj2;mj2 and has a representation given by
Dj2;mj2 = un;mj(Oωj ) · un;mj(Oωj )
t ∈ UTn(OF,ω)× UT
t
n(OF,ω) .
Dj2;mj2 acts on the split Cartan subgroup element αn;j2 = dn(Oωj ) · dn(Oωj ) and is
unimodular.
Let det(Dj2;mj2 · αn;j2)ss ≃ (#ω
2n
j ) · N
2n · (m(j))2n = j2n · N2n · (m(j))2n be the
determinant of the semisimple form of Dj2;mj2 · αn;j2 where:
• 2n is the dimension;
• the cardinality #ω2j = #ωj × #ωj of the j-th quadratic place ω
2
j is equal to
#ω2j = fωj · fωj = j
2 ;
• (m(j) ·N)2n is the rank of an irreducible quadratic complex completion according
to section 1.1.4.
Indeed, Λω ≃ O2nF,ω and Λω ≃ O
2n
F,ω .
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Then, the unimodularity of the decomposition group Dj2;mj2 leads to:
Dj2;mj2 : det(α2n;j2)
−
−−−→
−
det(Dj2;mj2 · α2n;j2)ss .
2. in the pseudo-unramified case, i.e. when N = 1 , we have that
• Dj2;mj2 ≡ Frobj2;mj2 = un;mj (O
nr
ωj
) · un;mj(O
nr
ωj
)t ∈ UTn(OFnr ,ω)× UT tn(OFnr ,ω) ;
• det(Frobj2;mj2 ·α
nr
2n;j2) = j
2n , where αnr2n;j2 = dn(O
nr
ωj
) · dn(O
nr
ωj
) ;
• Frobj2;mj2 : det(α
nr
n;j2)
−
−−−→
−
det(αnrn;j2 · Frobj2;mj2 )ss .
2.2.5 Proposition
Let GLn(Z
/
N Z )2 (resp. GLn(Z )
2) ) be the “pseudo-ramified” (resp. “pseudo-unramified”)
general bilinear semigroup of matrices of order n with entries in Z
/
N Z (resp. Z ).
Then, HR×L(n) (resp. HnrR×L(n) ) will denote the pseudo-ramified (resp. pseudo-unramified)
Hecke bialgebra generated by all the pseudo-ramified (resp. pseudo-unramified) Hecke biop-
erators (TR(n; r)⊗ TL(n; r)) (resp. (T nrR (n; r)⊗ T
nr
L (n; r)) ) having a representation in the
subgroup of matrices of GLn(Z
/
N Z )2) (resp. GLn(Z )
2) ), 1 ≤ j ≤ r ≤ ∞ , the index j
varying.
Proof :
1. A left (resp. right) Hecke operator TL(n; r) (resp. TR(n; r) ) is a left (resp. right)
correspondence which associates to a left (resp. right) lattice Λω (resp. Λω ) the
sum of its left (resp. right) sublattices Λωj (resp. Λωj ) of index j and multiplicities
m(j) = sup(mj) :
TL(n; r) Λω =
r
⊕
j=1
⊕
mj
Λωj,mj
(resp. TR(n; r) Λω =
r
⊕
j=1
⊕
mj
Λωj,mj ).
A Hecke bioperator TR(n; r)⊗ TL(n; r) is then defined by its action on the pseudo-
ramified bilattice Λω ⊗ Λω
(TR(n; r)⊗ TL(n; r)) (Λω ⊗ Λω) =
r
⊕
j=1
⊕
mj
(Λωj,mj ⊗ Λωj,mj ) .
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According to proposition 2.2.2, we have
Λω ⊗ Λω ≃ GLn(OF,ω ×OF,ω)
such that
Λωj,mj ⊗ Λωj,mj ≃ gn(OFωj,mj
×OFωj,mj
) ∈ GLn(OF,ω ×OF,ω)
where OFωj,mj
(resp. OFωj,mj
) is the maximal order OF,ω (resp. OF,ω ) restricted to
the extension F˜ωj,mj (resp. F˜ωj,mj ).
Remark that the entries of gn(OFωj,mj
×OFωj,mj
) are integers of (F˜ωj,mj × F˜ωj,mj ) and
the eigenvalues of gn(OFωj,mj
×OFωj,mj
) are algebraic integers.
The bisublattice Λωj,mj ⊗Λωj,mj corresponds to the coset representative gn(OFωj,mj
×
OFωj,mj
) of GLn(OF,ω × OF,ωj) , which involves that gn(OFωj,mj
× OFωj,mj
) can be
chosen as a coset representative of the tensor product of Hecke operators [Lang].
2. Indeed, the ring of endomorphisms of the (Z
/
N Z )2-bilattice Λω × Λω is generated
over (Z
/
N Z )2 by the products (TjR ⊗ TjL) of Hecke operators TjR and TjL for the
primes j ∤ N and by the products (UjR ⊗ UjL) of Hecke operators UjR and UjL for
j | N [M-W].
The coset representative of UjL , referring to the upper half space, can be chosen to
be upper-triangular and given by the integral matrix
tn;j,mj =


j1N b
1
2N
· · · · · · b1nN
j2N · · · b
2
nN
. . .
...
0
jnN


of Tn(OF,ω) ⊂ Tn(Z
/
N Z )
such that:
• jnN = 0modN ,
• b12N = 0modN ,
• j1N×· · · jnN ≃ j
n·Nn·(m(j))n such that (fωj ·fωj )
n·N2n ≃ j2n·N2n·(m(j))2n
(see definition 2.2.4),
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• tn;j,mj ≡ tn(OFωj,mj
) ⊂ gn(OFωj,mj
×OFωj,mj
) .
Similarly, the coset representative of UjR , referring to the lower half space can be
chosen to be lower triangular and given by the integral matrix ttn;j,mj ≡ t
t
n(OFωj;mj
)
of T tn(OF,ω) , i.e. by the transposed matrix of tn;j,mj .
So, the coset representative of (UjR × UjL) will be
gn(OFωj,mj
×OFωj,mj
) = ttn;j,mj × tn;j,mj ∈ GLn(OF,ω ×OF,ω) ⊂ GLn((Z
/
N Z )2) .
Note that gn(OFωj,mj
×OFωj,mj
) has the Gauss decomposition in diagonal and nilpo-
tent part so that the nilpotent part is given by un(OFωj,mj
)×utn(OFωj,mj
) and consti-
tutes an element of the decomposition group Dj2;m2j of the corresponding bisublattice
(Λωj,mj ⊗ Λωj,mj ) as introduced in definition 2.2.4.
3. The pseudo-unramified Hecke bioperator T nrR (n; r)⊗ T
nr
L (n; r) can also be envisaged
throughout its action on the pseudo-unramified bilattice Λnrω ⊗ Λ
nr
ω :
T nrR (n; r)⊗ T
nr
L (n; r)) (Λ
nr
ω ⊗ Λ
nr
ω ) =
r
⊕
j=1
⊕
mj
(Λnrωj,mj
⊗ Λnrωj,mj )
such that:
(Λnrωj,mj
⊗ Λnrωj,mj ) ≃ gn(OF
nr
ωj,mj
×OFnrωj,mj
) ∈ GLn(OFnr ,ω ×OFnr,ω) ⊂ GLn(Z
2) .
The pseudo-unramified correspondent UnrjL (resp. U
nr
jR
) of the coset representative
of UjL (resp. UjR ) is an upper (resp. lower) triangular integral matrix tn(OFnrωj,mj
)
(resp. ttn(OFnrωj,mj
) ) of Tn(OFnr,ω) (resp. Tn(OFnr ,ω) ) ⊂ Tn(Z ) (resp. T tn(Z ) ).
2.2.6 Proposition
The Hecke bialgebra HR×L(n) (resp. HnrR×L(n) ) of the endomorphisms of the pseudo-
ramified (resp. pseudo-unramified) Bω ⊗ Bω-bisemimodule MR ⊗ML (resp. Bnrω ⊗ B
nr
ω -
bisemimodule MnrR ⊗M
nr
L ) is generated by the pseudo-ramified (resp. pseudo-unramified)
Hecke bioperators (TR(n; r)⊗ TL(n; r)) (resp. (T nrR (n; r)⊗ T
nr
L (n; r)) ) having as represen-
tation GLn((Z
/
N Z )2) (resp. GLn((Z )
2) ).
Proof : as Λω ⊗Λω is a pseudo-ramified bilattice in the Bω ⊗Bω-bisemimodule MR ⊗ML
and as the decomposition of the Bω⊗Bω-bisemimoduleMR⊗ML into the set of Bωj⊗Bωj -
subbisemimodulesMωj⊗Mωj having multiplicities mj is obtained through the action of the
Hecke bioperator (TR(n; r)⊗ TL(n; r)) , it is immediate to check that (TR(n; r)⊗ TL(n; r))
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has a representation in the bilinear congruence subgroup GLn(Z
/
N Z )2) .
The pseudo-unramified case can be handled similarly.
2.3 Lattice semispaces
2.3.1 Definition: pseudo-ramified lattice semispaces
The space X = GLn(R )/GLn(Z ) corresponds to the set of lattices of R
n . In this
perspective, if F˜L (resp. F˜R ) denotes a complex symmetric splitting semifield (see section
1.1.4), we shall introduce a left (resp. right) (pseudo-)ramified lattice semispace:
XSL = Tn(F˜L)
/
Tn(Z
/
N Z ) (resp. XSR = T
t
n(F˜L)
/
T tn(Z
/
N Z ) )
isomorphic to the left (resp. right) (pseudo-)ramified Bω-semimodule ML (resp. Bω-
semimodule MR ) such that the left (resp. right) cosets of XSL (resp. XSR ) are iso-
morphic to the left (resp. right) pseudo-ramified Bωj -subsemimodules Mωj (resp. Bωj -
subsemimodules Mωj ).
Consequently, we can define a pseudo-ramified lattice bisemispace
XSR×L = GLn(F˜R × F˜L)
/
GLn((Z
/
N Z )2)
isomorphic to the pseudo-ramified Bω ⊗Bω-bisemimodule MR ⊗ML .
As the left (resp. right) pseudo-ramified lattice semispace XSL (resp. XSR ) is defined with
respect to the matrix algebra Tn(Z
/
N Z ) (resp. T tn(Z
/
N Z ) ) in one-to-one correspon-
dence with the pseudo-ramified left (resp. right) lattice Λω (resp. Λω ), XSL (resp. XSR )
is a left (resp. right) Hecke lattice semispace.
Similarly, the lattice bisemispace XSR×L is a pseudo-ramified Hecke lattice bisemispace
since GLn(Z
/
N Z ) is in one-to-one correspondence with the bilattice Λω×ω = Λω × Λω .
2.3.2 Definition: pseudo-unramified Hecke lattice semispaces
A left (resp. right) pseudo-unramified lattice semispace:
XnrSL = Tn(F˜
nr
L )
/
Tn(Z ) (resp. X
nr
SR
= T tn(F˜
nr
R )
/
T tn(Z )
can similarly be introduced; it is a left (resp. right) pseudo-unramified Hecke lattice
semispace isomorphic to the left (resp. right) pseudo-unramified Bnrω -semimodule M
nr
L
(resp. Bnrω -semimodule M
nr
R ) verifying M
nr
L ⊂ML (resp. M
nr
R ⊂MR ).
A pseudo-unramified lattice bisemispace
XnrSR×L = GLn(F˜
nr
R × F˜
nr
L )
/
GLn((Z
2))
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can also be defined: it is a pseudo-unramified Hecke lattice bisemispace isomorphic to the
pseudo-unramified Bnrω ⊗B
nr
ω -bisemimodule M
nr
R ⊗M
nr
L .
2.3.3 Proposition
a) Any left (resp. right) coset
XnrSL(F˜
nr
ωj
) = tn(F˜
nr
ωj
)
/
tn(OFnrωj ) (resp. X
nr
SR
(F˜ nrωj ) = tn(F˜
nr
ωj
)t
/
tn(OFnrωj
)t )
of XnrSL (resp. X
nr
SR
) having a multiplicity one is a left (resp. right) pseudo-unramified
Hecke lattice semisubspace having a rank equal to j2n if fωj = j .
b) the product XnrSR×L(F˜
nr
ωj
× F˜ nrωj ) = gn(F˜
nr
ωj
× F˜ nrωj )
/
gn(OFnrωj
× OFnrωj ) of a right coset
XnrSR(F˜
nr
ωj
) by a left coset XnrSL(F˜
nr
ωj
) having multiplicities one is a pseudo-unramified
Hecke lattice bisemisubspace having a rank equal to j2n .
Proof :
a) The left (resp. right) pseudo-unramified Hecke lattice semisubspace XnrSL(F˜
nr
ωj
) (resp.
XnrSR(F˜
nr
ωj
) ) is isomorphic to the pseudo-unramified left (resp. right) Bnrωj -subsemimo-
dule Mnrωj (resp. B
nr
ωj
-subsemimodule Mnrωj ) which has a rank equal to the n-fold
product of its global class residue degree fωj = [F
nr
ωj
: kL] = j (resp. fωj = [F
nr
ωj
:
kR] = j ); so, we have that the rank of X
nr
SL
(F nrωj ) (resp. X
nr
SR
(F nrωj ) ) is equal to j
2n .
b) the pseudo-unramified Hecke lattice bisemisubspace XnrSR×L(F˜
nr
ωj
× F˜ nrωj ) is isomorphic
to the pseudo-unramified Bnrωj⊗B
nr
ωj
-subbisemimoduleMnrωj ⊗M
nr
ωj
having a rank equal
to j2n .
2.3.4 Proposition
Let fωj = j denote the global class residue degree of the j-th place having multiplicity
m(j) .
a) The pseudo-unramified Bnrω ⊗ B
nr
ω -bisemimodule M
nr
R ⊗M
nr
L has a rank given by:
rnrω×ω =
r
⊕
j=1
(fωj ·m
(j))2n(fωj ·m
(j))2n = ⊕
j
(j ·m(j))2n .
b) the pseudo-ramified Bω ⊗Bω-bisemimodule MR ⊗ML has a rank given by:
rω×ω =
r
⊕
j=1
N2n(fωj ·m
(j))2n(fωj ·m
(j))2n = ⊕
j
N2n(j ·m(j))2n .
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2.3.5 Summary
The preceding developments can be summarized as follows:
Let
• Λω ⊗ Λω be a (Z
/
N Z )2-bilattice (pseudo-ramified);
• Λnrω ⊗ Λ
nr
ω be a Z
2-bilattice (pseudo-unramified);
• MnrR ⊗M
nr
L be a GLn(F
nr
ω × F
nr
ω )-bisemimodule (pseudo-unramified) isomorphic to
the pseudo-unramified lattice bisemispace XnrSR×L ;
• MR ⊗ ML be a GLn(Fω × Fω)-bisemimodule (pseudo-ramified) isomorphic to the
pseudo-ramified lattice bisemispace XSR×L .
Then, the following commutative diagram is evident:
Λnrω ⊗ Λ
nr
ω →֒ Λω ⊗ Λω : bilatticesy 99K
pseudo−
ramification
y y
MnrR ⊗M
nr
L →֒ MR ⊗ML : GLn(F (nr)ω × F (nr)ω )-bisemimodules
where
• the vertical arrows stand for injective morphisms from bilattices to GLn(F
(nr)
ω ×
F
(nr)
ω )-bisemimodules;
• the horizontal arrows stand for pseudo-ramification injective morphisms.
2.4 Representations of global Weil groups
2.4.1 Nonabelian global class field concepts: a summary
1. Let G(2n)(F˜ω×F˜ω) , GLn(F˜ω×F˜ω) and GL(M˜R⊗M˜L) denote respectively the bilinear
algebraic semigroup over (F˜ω × F˜ω) which is a bilinear affine semigroup, its bilinear
algebraic semigroup of matrices and the group of automorphisms of (M˜R⊗M˜L) which
are isomorphic:
G(2n)(F˜ω × F˜ω) ≃ GLn(F˜ω × F˜ω) ≃ GL(M˜R ⊗ M˜L)
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according to section 2.1.1: this implies the choice of a basis in M˜R ⊗ M˜L , which is
evident from its construction from (F˜ω × F˜ω) .
The diagonal conjugacy classes of G(2n)(F˜ω × F˜ω) , noted g
(2n)
R×L[j,mj = 0] , then
correspond to the B˜ωj ⊗ B˜ωj -subbisemimodules M˜ωj ⊗ M˜ωj and their off-diagonal
equivalents g
(2n)
R×L[j,mj ] , mj > 0 , related to the multiplicity m
(j) = sup(mj) of
g
(2n)
R×L[j,mj = 0] , correspond to the B˜ωj,mj⊗B˜ωj,mj -subbisemimodules M˜ωj,mj⊗M˜ωj,mj :
they are obtained from (M˜R⊗ M˜L) by the action of the Hecke bioperator TR(n; r)⊗
TL(n; r) .
As G(2n)(F˜ω×F˜ω) is a smooth reductive bilinear affine semigroup, it can be considered
as the n-dimensional analog of the product (S 1R × S
1
L) of the one-dimensional affine
complex semigroups S 1R and S
1
L , introduced in section 2.1.1, we have that:
G(2n)(F˜ω × F˜ω) ≃ Π
n
(S 1R × S
1
L) .
Similarly, GL(M˜R⊕⊗ M˜L⊕) can be viewed as the n-dimensional correspondent of the
product W abFR ×W
ab
FL
of the Weil global groups included in the product Gal(F acR
/
k)×
Gal(F acL
/
k) of the Galois groups as introduced in sections 1.1.7 and 1.1.9 which
implies that:
GL(M˜R⊕ ⊗ M˜L⊕) ≃ Π
n
(W abFR ×W
ab
FL
) ⊂ Π
n
(Gal(F acR
/
kR)×Gal(F
ac
L
/
kL)) .
2. Let us now introduce the normal bilinear algebraic semisubgroup P (2n)(F˜ω1 × F˜ω1)
of G(2n)(F˜ω × F˜ω) : its j-th class noted P (2n)(F˜ω1j × F˜ω1j ) is defined over the product
(F˜ω1j × F˜ω1j ) of irreducible central extensions F˜ω1j and F˜ω1j having a rank N · m
(j) ,
as given in section 1.1.5. So, P (2n)(F˜ω1j × F˜ω1j ) has a rank equal to (N · m
(j))2n .
P (2n)(F˜ω1 × F˜ω1) also acts on G
(2n)(F˜ω × F˜ω) by conjugation.
Recall that the Galois subgroup of the irreducible extension F˜ω1j associated to the
completion Fω1j is the global inertia subgroup IFωj .
More generally, let
F˜ω1 = {F˜ω11 , · · · , F˜ω1j,mj
, · · · , F˜ω1r}
(resp. F˜ω1 = {F˜ω11 , · · · , F˜ω1j,mj
, · · · , F˜ω1r} )
denote the set of pseudo-ramified irreducible extensions F˜ω1j and F˜ω1j,mj
of F˜ω and F˜ω
respectively.
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Let G(2n)(F˜ nrω × F˜
nr
ω ) denote the pseudo-unramified bilinear algebraic semigroup over
the product F˜ nrω × F˜
nr
ω of pseudo-unramified extensions.
Then, P (2n)(F˜ω1× F˜ω1) , which is in fact a bilinear (complex) minimal (not standard)
parabolic subsemigroup, can be defined as being the kernel of the map:
G
(2n)
F→Fnr : G
(2n)(F˜ω × F˜ω) −−−→ G
(2n)(F˜ nrω × F˜
nr
ω ) ;
so:
P (2n)(F˜ω1 × F˜ω1) = Ker(G
(n)
F→Fnr)
is the smallest bilinear normal pseudo-ramified subgroup of G(2n)(F˜ω× F˜ω) : it is the
minimal parabolic subgroup viewed as the connected component of the identity in
G(2n)(F˜ω × F˜ω) on the Zarisky topology.
3. Referring to the decomposition of the product, right by left, F˜ωj × F˜ωj of the basic
extensions F˜ωj and F˜ωj into j
′ equivalent bisubextensions F˜
ωj
′
j
× F˜
ωj
′
j
, 1 ≤ j′ ≤ j , as
well as the decomposition of the equivalent biextensions F˜ωj,mj × F˜ωj,mj into j
′ equiv-
alent bisubextensions F˜
ωj
′
j,mj
× F˜
ωj
′
j,mj
, we have that the j-th diagonal conjugacy class
g
(2n)
R×L[j,mj = 0] of G
(2n)(F˜ω × F˜ω) will be cut into j
′ equivalent diagonal conjugacy
subclasses g
(2n)
R×L[j,mj = 0, j
′] and that the j-th off-diagonal equivalent conjugacy
class g
(2n)
R×L[j,mj ] , mj > 0 , will also be cut into j
′ equivalent off-diagonal conjugacy
subclasses g
(2n)
R×L[j,mj , j
′] , 1 ≤ j′ ≤ j .
So, the j-th diagonal conjugacy class g
(2n)
R×L[j,mj = 0] and its off-diagonal equivalent
g
(2n)
R×L[j,mj ] , mj > 0 , is decomposed into a set {g
(2n)
R×L[j,mj , j
′]}jj′=1 of j
′ conjugacy
subclasses g
(2n)
R×L[j,mj , j
′] .
Then, we can state the following propositions:
2.4.2 Lemma
Let G(2n)(F˜ω× F˜ω) be a smooth reductive bilinear affine semigroup and let P (2n)(F˜ω1× F˜ω1)
be its parabolic subgroup viewed as a locally subgroup of G(2n)(F˜ω × F˜ω) .
Then, it is clear that:
1. at every (bi)extension corresponding to the (bi)place ωj×ωj of (Fω×Fω) corresponds
a conjugacy class of G(2n)(F˜ω × F˜ω) whose number of representatives corresponds to
the number of equivalent completions of ωj × ωj .
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2. G(2n)(F˜ω×F˜ω) acts on P
(2n)(F˜ 1ω×F˜
1
ω) by conjugation in such a way that the number of
conjugates of P (2n)(F˜ω1j × F˜ω1j ) in G
(2n)(F˜ωj,mj × F˜ωj,mj ) is the index of the normalizer
of P (2n)(F˜ω1j × F˜ω1j ) ,∣∣∣G(2n)(F˜ωj,mj × F˜ωj,mj ) : NG(2n)(P (2n)(F˜ω1j × F˜ω1j ))
∣∣∣ = j
where
• G(2n)(F˜ωj,mj × F˜ωj,mj ) is G
(2n)(F˜ω × F˜ω) restricted to the conjugacy class repre-
sentative g
(2n)
R×L[j,mj ] ;
• NG(n)(P
(2n)(F˜ω1j × F˜ω1j )) is the normalizer of P
(2n)(F˜ω1j × F˜ω1j ) restricted to the
j-th irreducible subextension F˜ω1j × F˜ω1j ;
• j is the global residue degree of the j-th extension class ω˜j (or ω˜j ).
Proof :
1. As the bilinear affine semigroup G(2n)(F˜ω × F˜ω) is assumed to be reductive, each
conjugacy class representative of G(2n)(F˜ω × F˜ω) is isogeneous to a direct product of
tori (or of simple groups). But, taking into account the projective toroidal compact-
ification of the conjugacy classes g
(2n)
R×L[j,mj ] ∈ G
(2n)(F˜ω× F˜ω) , introduced in section
3.3, we shall assume that g(2n)nR×L[j,mj ] is isomorphic to a direct product of tori,
which is the product, right by left, of algebraic (semi)tori.
So, G(2n)(F˜ω × F˜ω) ≃ Π
n
(S 1R × S
1
L) , which is the product, right by left, of algebraic
(semi)tori,is considered as the n-fold product of a right affine semigroup S 1R localized
in the lower half space by its left equivalent S 1L localized in the upper half space.
But, as G(2n)(F˜ω× F˜ω) is defined over the product F˜ω× F˜ω , and as G(2n)(F˜ω× F˜ω) is
assumed to act on P (2n)(F˜ω1 × F˜ω1) by conjugation, a conjugacy class representative
g2nR×L[j,mj ] ∈ G
(2n)(F˜ω × F˜ω) corresponds to the biextension F˜ωj,mj × F˜ωj,mj . Then,
we have the injective morphism:
Fg : {F˜ωj,mj × F˜ωj,mj } −−−→ {g
(2n)
R×L[j,mj ]
from the set of equivalent representatives F˜ωj,mj × F˜ωj,mj , associated with all places
ωj × ωj of FR × FL , to the set of corresponding conjugacy class representatives
g
(2n)
R×L[j,mj ] of G
(2n)(F˜ω × F˜ω) , such that Π
n
(F˜ωj,mj × F˜ωj,mj ) ≃ g
(2n)
R×L[j,mj ] .
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2. G(2n)(F˜ωj,mj × F˜ωj,mj ) acts on P
(2n)(F˜ω1j × F˜ω1j ) by conjugation, in the sense that, if
pjR ∈ P
(2n)(F˜ω1j ) , pjL ∈ P
(2n)(F˜ω1j ) and xgjR ∈ G
(2n)(F˜ωj,mj ) , xgjL ∈ G
(2n)(F˜ωj,mj ) ,
then the bielement xgjR · xgjL ∈ g
(2n)
R×L[j,mj ] is said to be conjugate of the bielement
x′gjR
· x′gjL
∈ g(2n)R×L[j,mj ] if:
x′gjR
· x′gjL = pjR · xgjR · xgjL · pjL .
On the other hand, as a extension F˜ωj,mj (resp. F˜ωj,mj ) , is cut into j
′ irreducible
equivalent subextensions F˜
ωj
′
j,mj
(resp. F˜
ωj
′
j,mj
) according to section 1.1.5, the conju-
gacy class representative g
(2n)
R×L[j,mj ] will also be cut into “ j
′ ” equivalent conjugacy
class subrepresentatives g
(2n)
R×L[j,mj , j
′] , 1 ≤ j′ ≤ j , with respect to 1.
So, we have the corresponding injective morphism:
Fgj′ : F˜ωj,mj × F˜ωj,mj = {F˜ωj′j,mj
× F˜
ωj
′
j,mj
}jj′=1
−−−→ g
(2n)
R×L[j,mj ] = {g
(2n)
R×L[j,mj , j
′]jj′=1} .
This implies that the conjugation of G(2n)(F˜ωj,mj × F˜ωj,mj ) by P
(2n)(F˜ω1j × F˜ω1j ) sends
the bielement xgjR · xgjL ∈ g
(2n)
R×L[j,mj , j
′′
] , 1 ≤ j
′′
≤ j , of the j
′′
-th conjugacy class
subrepresentative of g
(2n)
R×L[j,mj ] into the bielement x
′
gjR
· x′gjL
of the j′-th conjugacy
class subrepresentative of g
(2n)
R×L[j,mj ] .
Finally, the number of conjugacy class subrepresentatives of g
(2n)
R×L[j,mj ] is exactly
the number of conjugates of P (2n)(F˜ω1j × F˜ω1j ) in G
(2n)(F˜ωj,mj × F˜ωj,mj ) ≡ g
(2n)
R×L[j,mj ] .
So the index of the normalizer NG(2n)(P
(2n)(F˜ω1j × F˜ω1j )) of P
(2n)(F˜ω1j × F˜ω1j ) in
G(2n)(F˜ωj,mj × F˜ωj,mj ) corresponds to the number of conjugacy class subrepresen-
tatives of G(2n)(F˜ωj,mj × F˜ωj,mj ) .
Consequently, we have∣∣∣G(2n)(F˜ωj,mj × F˜ωj,mj ) : NG(2n)(P (2n)(F˜ω1j × F˜ω1j ))
∣∣∣ = j
where j is also the global residue degree of the j-th biplace ωj×ωj taking into account
the inverse morphism F−1gj′ .
2.4.3 Proposition
Let g
(2n)
R×L[j,mj ] , mj ∈ IN , mj ≥ 0 , denote the j-th diagonal or off-diagonal conjugacy class
representative of the bilinear algebraic semigroup G(2n)(F˜ω × F˜ω) and let g
(2n)
R×L[j,mj , j
′] ,
1 ≤ j′ ≤ j , be the j′-th conjugacy subclass representative of g(2n)R×L[j,mj ] .
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Let D(2n)(F˜Dω × F˜
D
ω ) denote the bilinear algebraic semigroup G
(2n)(F˜ω × F˜ω) restricted to
the product of the sets:
F˜Dω = {F˜ω1, · · · , F˜ωj , · · · , F˜ωr} and F˜
D
ω = {F˜ω1, · · · , F˜ωj , · · · , F˜ωr}
with mj = 0 .
Then:
1. the j-th equivalent off-diagonal conjugacy class representatives g
(2n)
R×L[j,mj ] ∈ G
(2n)(F˜ω×
F˜ω) are generated from the diagonal conjugacy class representatives g
(2n)
R×L[j,mj = 0] ∈
D(2n)(F˜Dω × F˜
D
ω ) under the product of the actions W eFωj
×W eFωj
of the Weyl groups
W eFω and W eFω .
2. the Weyl groupsW eFω andW eFω acting in a nilpotent way respectively on the j-th right
and left diagonal conjugacy class representatives g
(2n)
R [j,mj = 0] and g
(2n)
L [j,mj =
0] ∈ g(2n)R×L[j,mj = 0] are the Coxeter groups Aj−1 (and possibly Bj−1 and Dj−1 ).
Proof :
1. The equivalent off-diagonal conjugacy class representatives g
(2n)
R×L[j,mj ] , correspond-
ing to the B˜ωj,mj ⊗ B˜ωj,mj -subbisemimodules M˜ωj,mj ⊗ M˜ωj,mj according to section
2.4.1, proposition 2.1.4 and definition 2.2.4, are isomorphic to the products, right by
left, of 2n dimensional maximal semitori as it will be seen below.
So, the generation of the off-diagonal conjugacy class representatives g
(2n)
R×L[j,mj ]
from the diagonal conjugacy class representatives g
(2n)
R×L[j,mj = 0] , which are also
isomorphic to the products, right by left, of 2n-dimensional semitori, is obtained in
a classical way under the product W eFωj
×W eFωj
of the Weyl groups.
2. From point 2), it results that the Coxeter group Aj−1 (and Bj−1 and Dj−1 ) is directly
related to the integer j which corresponds to the number of equivalent conjugacy
subclasses g
(n)
R×L[j,mj = 0, j
′] of the diagonal conjugacy class g
(n)
R×L[j,mj = 0] .
2.4.4 Proposition
Let
Out(G(2n)(F˜ω × F˜ω)) = Aut(G
(2n)(F˜ω × F˜ω)
/
Int(G(2n)(F˜ω × F˜ω))
be the group of Galois automorphisms of the reductive bilinear algebraic semigroup
G(2n)(F˜ω × F˜ω) where Int(G(2n)(F˜ω × F˜ω)) denotes the group of Galois inner automor-
phisms.
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Let Aut(P (2n)(F˜ω1 × F˜ω1)) denote the group of the Galois automorphisms of the
bilinear parabolic subsemigroup P (2n)(F˜ω1 × F˜ω1) .
Then, it is proved that:
Int(G(2n)(F˜ω × F˜ω)) = Aut(P
(2n)(F˜ω1 × F˜ω1))
which implies that explicit irreducible 2n-dimensional representations exist:
Rep
(2n)
IFR×L
: IFR × IFL −−−→ P
(2n)(F˜ω1 × F˜ω1) ,
Rep
(2n)
IDFR×L
: IDFR × I
D
FL −−−→ P
(2n)(F˜Dω1 × F˜
D
ω1) ,
from the product, right by left, of inertia subgroups to the corresponding bilinear parabolic
subsemigroups where:
• IFL : ⊕
j
IFDωj
⊕
mj
IFωj,mj
• IDFL = ⊕j
IFDωj
according to section 1.1.7.
Proof :
1. The bilinear parabolic subsemigroups P (2n)(F˜ω1 × F˜ω1) and P
(2n)(F˜D
ω1
× F˜Dω1) are
defined respectively over the products F˜ω1j,mj
× F˜ω1j,mj
and F˜ω1j × F˜ω1j of irreducible
central extensions which constitute the set of fixed points respectively of the products
F˜ωj,mj × F˜ωj,mj and F˜ωj × F˜ωj of the pseudo-ramified extensions of G
(2n)(F˜ω × F˜ω) .
Then, the group of automorphisms Aut(P (2n)(F˜ω1 × F˜ω1)) of the reductive bilinear
semigroup P (2n)(F˜ω1 × F˜ω1) is the group of automorphisms of the fixed points of
G(2n)(F˜ω × F˜ω) .
Indeed, the map
σP (2n) : P
(2n)(F˜ω1 × F˜ω1) −−−→ P
(2n)(F˜ω1 × F˜ω1)
given by
σP (2n)(xpR · xpL) = pR xpR xpL pL = x
′
pR
x′pL
for all xpR ∈ P
(2n)(F˜ω1) , xpL ∈ P
(2n)(F˜ω1) ,
is an automorphism of P (2n)(F˜ω1 × F˜ω1) induced by pR ∈ P
(2n)(F˜ω1) and pL ∈
P (2n)(F˜ω1) , in such a way that σP (2n) ∈ Aut(P
(2n)(F˜ω1 × F˜ω1)) .
Similarly, the map
σintG(2n) : G
(2n)(F˜ω × F˜ω) −−−→ G
2n)(F˜ω × F˜ω)
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given by
σintG(2n)(pR xgR xgL pL) = xgR · xgL ,
for xgR ∈ G
(2n)(F˜ω) and xgL ∈ G
(2n)(F˜ω) , and verifying xgR · xgL = x
′
pR
· x′pL ,
is an inner automorphism of G(2n)(F˜ω × F˜ω) induced by pR ∈ P (2n)(F˜ω1) and by
pL ∈ P (2n)(F˜ω1) , in such a way that σ
int
G(2n)
= σP (2n) for σ
int
G(2n)
∈ Int(G(2n)(F˜ω× F˜ω)) .
This leads to:
Int(G(2n)(F˜ω × F˜ω)) = Aut(P
(2n)(F˜ω1 × F˜ω1)) .
2. On the other hand, the bilinear parabolic subsemigroup
P (2n)(F˜ω1 × F˜ω1) = T
t
n(F˜ω1)× Tn(F˜ω1)
is constructed from the product of Borel subgroups T tn(F˜ω1) and Tn(F˜ω1) which are
solvable.
And, as it is known [Ser2] that every solvable finite group is Galois, it is clear that
Aut(P (2n)(F˜ω1 × F˜ω1)) constitutes the n-dimensional analogue of the product, right
by left, of inertia subgroups. Finally, as Aut(P (2n)(F˜ω1 × F˜ω1)) is isomorphic to
P (2n)(F˜ω1× F˜ω1) , the bilinear parabolic subsemigroup P
(2n)(F˜ω1× F˜ω1) constitutes a
2n-dimensional representation Rep
(2n)
IFR×L
of the product IFR×IFL of inertia subgroups
in Gal(F˜ acR
/
k)×Gal(F˜ acL
/
k) .
2.4.5 Proposition
Let P (2n)(F˜ω1 × F˜ω1) be the bilinear parabolic affine subsemigroup of the smooth reductive
bilinear affine semigroup G(2n)(F˜ω× F˜ω) . Then, P (2n)(F˜ω1 × F˜ω1) can be considered as the
unitary irreducible 2n-dimensional representation space of the algebraic bilinear semigroup
of matrices GLn(F˜ω × F˜ω) .
Proof : According to proposition 2.4.4,
Int(G(2n)(F˜ω × F˜ω)) = Aut(P
(2n)(F˜ω1 × F˜ω1))
since we have:
σintG(n)(pR xgR xgL pL) = xgR · xgL ,
for pR ∈ P (2n)(F˜ω1) , pL ∈ P
(2n)(F˜ω1) , xgR ∈ G
(2n)(F˜ω) , xgL ∈ G
(2n)(F˜ω) .
So, P (2n)(F˜ω1 × F˜ω1) is the bilinear isotropy subgroup of G
(2n)(F˜ω × F˜ω) since it is the
subgroup fixing the bielements of G(2n)(F˜ω × F˜ω) .
Consequently, P (2n)(F˜ω1 × F˜ω1) is a unitary representation of GLn(F˜ω × F˜ω) .
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2.4.6 Proposition
Let D(2n)(F˜Dω⊕ × F˜
D
ω⊕
) denote the diagonal bilinear algebraic subsemigroup of G(2n)(F˜ω⊕ ×
F˜ω⊕) . Then, there exist explicit irreducible 2n-dimensional representations:
Rep
(2n)
Gal eFR×L
: Gal(F˜ acR
/
k)×Gal(F˜ acL
/
k) −−−→ G(2n)(F˜ω⊕ × F˜ω⊕) ,
Rep
(2n)
GalD eFR×L
: GalD(F˜ acR
/
k)×GalD(F˜ acL
/
k) −−−→ D(2n)(F˜Dω⊕ × F˜
D
ω⊕
)
where F˜Dω⊕ = ⊕
j
F˜ωj (resp. F˜
D
ω⊕
= ⊕
j
F˜ωj ) are constructed from F˜ω (resp. F˜ω ) introduced
in section 1.1.6.
Proof : If a group G is quasi split, in the sense that it contains a Borel subgroup, then,
the homomorphism
Gal(Q
/
Q ) −−−→ Out(G) = Aut(G)
/
Int(G)
always exists [Art3].
Transposed into a bilinear context for the bilinear reductive algebraic semigroup G(2n)(F˜ω×
F˜ω) , this homomorphism becomes:
Gal(F˜ acR
/
k)×Gal(F˜ acL
/
k) −−−→ Out(G(2n)(F˜ω⊕ × F˜ω⊕))
where
Out(G(2n)(F˜ω⊕ × F˜ω⊕)) = Aut(G
(2n)(F˜ω⊕ × F˜ω⊕))
/
Int(G(2n)(F˜ω⊕ × F˜ω⊕)) .
Indeed, as G(2n)(F˜ω⊕ × F˜ω⊕) is generated from the product of Borel subgroups which are
solvable, it is of Galois type according to proposition 2.4.3. And, Aut(G(2n)(F˜ω⊕ × F˜ω⊕))
constitutes the 2n-dimensional analogue of the product Gal(F˜ acR
/
k)×Gal(F˜ acL
/
k) of Galois
groups. But, as the bilinear algebraic semigroup G(2n)(F˜ω⊕ × F˜ω⊕) is pseudo-ramified, it
is Out(G(2n)(F˜ω⊕ × F˜ω⊕)) which must be considered as the 2n-dimensional analogue of
Gal(F˜ acR
/
k)×Gal(F˜ acL
/
k) since Int(G(2n)(F˜ω⊕ × F˜ω⊕)) = Aut(P
(2n)(F˜ω1⊕ × F˜ω1⊕)) according
to proposition 2.4.3.
So,
Out(G(2n)(F˜ω⊕ × F˜ω⊕)) ≃ Π
n
(Gal(F˜ acR
/
k)×Gal(F˜ acL
/
k))
which implies the commutative diagram:
Gal(F˜ acR
/
k)×Gal(F˜ acL
/
k) −−−→ Out(G(2n)(F˜ω⊕ × F˜ω⊕))y≀
G(2n)(F˜ω⊕ × F˜ω⊕)
❍
❍
❍
❍❥
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Thus, as Out(G(2n)(F˜ω⊕ × F˜ω⊕)) is isomorphic to G
(2n)(F˜ω⊕ × F˜ω⊕) , the irreducible 2n-
dimensional representation Rep
(2n)
Gal eFR×L
of Gal(F˜ acR
/
k)×Gal(F˜ acL
/
k) is given by the reduc-
tive bilinear algebraic semigroup G(2n)(F˜ω⊕ × F˜ω⊕) .
2.4.7 Proposition
Let
W abFR ×W
ab
FL
= Gal( ˜˙F acR /k)×Gal( ˜˙F acL /k) ⊂ Gal(F˜ acR /k)×Gal(F˜ acL /k)
be the product of global Weil groups as introduced in definition 1.1.9.
Then, the 2n-dimensional irreducible representation of the product of global Weil groups is
given by:
Irr W
(2n)
FR×L
: W abFR ×W
ab
FL −−−→ G
(2n)(F˜ω⊕ × F˜ω⊕) .
Proof : This directly follows from Rep
(2n)
Gal eFR×L
introduced in proposition 2.4.6, implying
that F˜ω⊕ and F˜ω⊕ bear here on extensions characterized by extension degrees
d = 0modN .
2.5 Trace formulas
2.5.1 Lemma
Let G(2n)(Fω × Fω) be a reductive bilinear complete semigroup. As it is solvable, the set of
its conjugacy classes forms an increasing sequence:
g
(2n)
R×L[1, m1] ⊂ g
(2n)
R×L[2, m1] ⊂ · · · ⊂ g
(2n)
R×L[j,mj ] ⊂ · · · ⊂ g
(2n)
R×L[r,mr]
characterized by the increasing ranks of their conjugacy class representatives g
(2n)
R×L[j,mj ] ,
1 ≤ j ≤ r .
Proof : According to definition 2.3.1 and proposition 2.1.4, the pseudo-ramified lattice
bisemispace
XSR×L = GLn(F˜R × F˜L)
/
GLn((Z
/
N Z )2)
is homomorphic to the pseudo-ramified Bω⊕ ×Bω⊕-bisemimodule MR⊕ ⊗ML⊕ developing
(see proposition 2.1.4) as follows:
MR⊕ ⊗ML⊕ = ⊕
j
⊕
mj
(
Mωj,mj ⊗Mωj,mj
)
.
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As the cosets of XSR×L correspond to the conjugacy class representatives of G
(2n)(Fω×Fω)
and as (MR⊗ML) constitutes the representation space of GLn(Fω ×Fω) , each conjugacy
class representative g
(2n)
R×L[j,mj ] is in fact a GLn(Fωj,mj ×Fωj,mj )-subbisemimodule Mωj,mj ⊗
Mωj,mj characterized by a rank rωj×ωj = (j ·m
(j) ·N)2n according to proposition 2.3.4.
If we consider the mj+1-th representative g
(2n)
R×L[j+1, mj+1] of the (j+1)-th conjugacy class
of G(2n)(Fω × Fω) , we see that it has a rank given by
rωj+1×ωj+1 = (j + 1)
2n ·N2n · (m(j+1))2n
which is superior to the rank rωj×ωj of g
(2n)
R×L[j,mj ] .
2.5.2 Tower of sums of conjugacy class representatives
Remark first that a conjugacy class representative g
(2n)
R×L[j,mj ] of G
(2n)(Fω × Fω) is in fact
a bilinear complete subsemigroup noted G(2n)(Fωj,mj × Fωj,mj ) . Then, we can introduce a
tower of embedded bilinear complete subsemigroups on G(2n)(Fω⊕ × Fω⊕) :
G(2n)(Fω1 × Fω1) ⊂ · · · ⊂
j
⊕
j=1
⊕
mj
G(2n)(Fωj,mj × Fωj,mj ) ⊂ · · · ⊂
r
⊕
j=1
⊕
mj
G(2n)(Fωj,mj × Fωj,mj )
corresponding to increasing sums of conjugacy class representatives of G(2n)(Fω × Fω) .
2.5.3 The bialgebra of bifunctions on G(2n)(Fω × Fω)
Now, we consider the set of all smooth continuous bifunctions on G(2n)(Fω × Fω) which
is a bilinear complete semigroup. Consequently, we have to envisage the set Ĝ
(2n)
R (Fω) of
smooth continuous functions φ
(2n)
GR
(xgR) , xgR ∈ G
(2n)(Fω) , on G
(2n)(Fω) ≃ T tn(Fω) and
localized in the lower half space as well as the corresponding set Ĝ
(2n)
L (Fω) of smooth
continuous functions φ
(2n)
GL
(xgL) , xgL ∈ G
(2n)(Fω) , on G
(2n)(Fω) ≃ Tn(Fω) and localized in
the upper half space in such a way that we have on G(2n)(Fω×Fω) the product Ĝ(2n)(Fω)×
Ĝ(2n)(Fω) of the tensor products φ
(2n)
GR
(xgR)⊗φ
(2n)
GL
(xgL) of the smooth continuous functions
φ
(2n)
GR
(xgR) and φ
(2n)
GL
(xgL) .
Ĝ
(2n)
R (Fω) (resp. Ĝ
(2n)
L (Fω) ) is the coordinate (semi)ring k[G
(2n)(Fω)] (resp. k[G
(2n)(Fω)] )
of G(2n)(Fω) (resp. G
(2n)(Fω) ).
But, as G(2n)(Fω × Fω) is partitioned into conjugacy classes, we can consider bifunctions
on the conjugacy class representatives of G(2n)(Fω × Fω) .
So, let φ
(2n)
GjR
(xgjR )⊗φ
(2n)
GjL
(xgjL ) denote a bifunction on G
(2n)(Fωj,mj ×Fωj,mj ) . Then, the set
of smooth continuous bifunctions {φ(2n)GjR
(xgjR )⊗ φ
(2n)
GjL
(xgjL )}
r
j=1 on G
(2n)(Fω × Fω) forms a
bialgebra
Ĝ(2n)(Fω × Fω) = Ĝ
(2n)(Fω)⊗ Ĝ
(2n)(Fω)
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where Ĝ(2n)(Fω) is the coalgebra of Ĝ
(2n)(Fω) .
2.5.4 The bialgebras L1−1R×L(G
(2n)(Fω × Fω)) and L
2
L×L
(G(2n)(Fω × Fω))
The algebra (resp. coalgebra) Ĝ(2n)(Fω) (resp. Ĝ
(2n)(Fω) ) is the set of all continuous
complex-valued measurable functions on G(2n)(Fω) (resp. G
(2n)(Fω) ) satisfying∫
G(2n)(Fω)
∣∣∣φ(2n)GL (xgL)∣∣∣ dxgL <∞ ,
(resp.
∫
G(2n)(Fω)
∣∣∣φ(2n)GR (xgR)∣∣∣ dxgR <∞ ),
with respect to a unique Haar measure on G(2n)(Fω) (resp. G
(2n)(Fω) ): it is noted
L1L(G
(2n)(Fω)) (resp. L
1
R(G
(2n)(Fω)) ).
The bialgebra Ĝ(2n)(Fω × Fω) of all continuous complex-valued measurable bifunctions
φ
(2n)
GR
(xgR)⊗ φ
(2n)
GL
(xgL) on G
(2n)(Fω × Fω) satisfying∫
G(2n)(Fω⊗Fω)
∣∣∣φ(2n)GR (xgR)⊗ φ(2n)GL (xgL)∣∣∣ dxgR dxgL <∞
is also noted L1−1R×L(G
(2n)(Fω × Fω)) .
On the other hand, let
iGR→L L
1
R(G
(2n)(Fω)) −−−→ L
1
L(G
(2n)(Fω))
φ
(2n)
GR
(xgR) −−−→ φ
(2n)
GL
(xgL)
be the involution mapping each continuous function φ
(2n)
GR
(xgR) ∈ L
1
R(G
(2n)(Fω)) , re-
stricted to the lower half space, to the corresponding continuous function φ
(2n)
GL
(xgL) ∈
L1L(G
(2n)(Fω)) , restricted to the upper half space.
Then, the involution:
iGR→L : L
1
R(G
(2n)(Fω))× L
1
L(G
(2n)(Fω)) = L
1−1
R×L(G
(2n)(Fω × Fω))
−−−→ L2L×L(G
(2n)(Fω × Fω))
φ
(2n)
GR
(xgR)⊗ φ
(2n)
GL
(xgL) −−−→ φ
(2n)
GL
(xgL)⊗ φ
(2n)
GL
(xgL)
has the property that the continuous bifunctions φ
(2n)
GR
(xgR)⊗φ
(2n)
GL
(xgL) ∈ L
1−1
R×L(G
(2n)(Fω×
Fω)) are transformed into the bifunctions φ
(2n)
GL
(xgL) ⊗ φ
(2n)
GL
(xgL) ∈ L
2
L×L(G
(2n)(Fω × Fω))
satisfying ∫
G(2n)(Fω×Fω)
∣∣∣φ(2n)GL (xgL)∣∣∣2 dxgL <∞ .
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Thus, L2L×L(G
(2n)(Fω×Fω)) is the standard space of square integrable continuous functions
on G(2n)(Fω × Fω) restricted to the upper half space and defined with respect to a fixed
Haar measure.
2.5.5 Proposition
The bialgebra Ĝ(2n)(Fω ×Fω) of smooth continuous complex-valued measurable bifunctions
on the locally compact bilinear complete semigroup G(2n)(Fω × Fω) is composed of the
increasing sequence:
φ
(2n)
G1R
(xg1R )⊗ φ
(2n)
G1L
(xg1L ) ⊂ · · · ⊂ φ
(2n)
GjR
(xgjR )⊗ φ
(2n)
GjL
(xgjL ) ⊂ · · · ⊂ φ
(2n)
GrR
(xgrR )⊗ φ
(2n)
GrL
(xgrL )
of these bifunctions in such a way that the j-th bifunction φ
(2n)
GjR
(xgjR )⊗φ
(2n)
GjL
(xgjL ) is defined
on the closed bilinear subsemigroup G(2n)(Fωj,mj × Fωj,mj ) ≡ g
(2n)
R×L[j,mj ] corresponding to
the j-th conjugacy class of G(2n)(Fω × Fω) .
Sketch of proof : This results from lemma 2.5.1 and from section 2.5.3.
2.5.6 Proposition
The bialgebra Ĝ(2n)(Fω⊕ × Fω⊕) ≡ L
1−1
R×L(G
(2n)(Fω⊕ × Fω⊕)) of bifunctions on G
(2n)(Fω⊕ ×
Fω⊕) is composed of a tower:
φ
(2n)
G1R
(xg1R )⊗ φ
(2n)
G1L
(xg1L ) ⊂ · · · ⊂
j
⊕
j=1
(
φ
(2n)
GjR
(xgjR )⊗ φ
(2n)
GjL
(xgjL )
)
⊂ · · · ⊂
r
⊕
j=1
(
φ
(2n)
GjR
(xgjR )⊗ φ
(2n)
GjL
(xgjL )
)
of the partial sums of these bifunctions
j
⊕
j=1
(
φ
(2n)
GjR
(xgjR )⊗ φ
(2n)
GjL
(xgjL )
)
on the corresponding
sums of conjugacy class representatives of G(2n)(Fω × Fω) .
Sketch of proof : This is a consequence of the introduction of a tower of sums of
conjugacy class representatives of G(2n)(Fω⊕ × Fω⊕) given in section 2.5.2.
64
2.5.7 The bialgebra L1−1R×L(G
(2n)(F nrω × F
nr
ω )) of bifunctions on the pseudo-
unramified bilinear complete semigroup G(2n)(F nr
ω
× F nr
ω
)
Similarly, on the set of the conjugacy class representatives of the pseudo-unramified bilinear
complete semigroup G(2n)(F nrω × F
nr
ω ) , an increasing sequence
φ
(2n)
Gnr1R
(xnrg1R
)⊗ φ(2n)Gnr1L
(xnrg1L
) ⊂ · · · ⊂ φ(2n)GnrjR
(xnrgjR
)⊗ φ(2n)GnrjL
(xnrgjL
)
⊂ · · · ⊂ φ(2n)GnrrR
(xnrgrR
)⊗ φ(2n)GnrrL
(xnrgrL
)
of smooth continuous complex-valued measurable bifunctions can be introduced in such a
way that they satisfy:∫
G(2n)(Fnrω ×F
nr
ω )
∣∣∣φ(2n)GnrjR (xnrgjR )⊗ φ(2n)GnrjL (xnrgjL )
∣∣∣ dxnrgjR dxnrgjL <∞ .
Then, the bialgebra of these bifunctions on G(2n)(F nrω × F
nr
ω ) is written Ĝ
(2n)(F nrω × F
nr
ω )
or L1−1R×L(G
(2n)(F nrω × F
nr
ω )) .
2.5.8 The bialgebra L1−1R×L(P
(2n)(Fω1 × Fω1)) of bifunctions on the complete
parabolic semigroup P (2n)(Fω1 × Fω1)
As P (2n)(Fω1 × Fω1) is defined over the products Fω1j,mj
× Fω1j,mj
of the irreducible com-
pletions of the completions Fωj,mj × Fωj,mj at all infinite places ωj × ωj of FR × FL , a
bialgebra L1−1R×L(P
(2n)(Fω1 × Fω1)) of smooth continuous complex-valued measurable bi-
functions φ
(2n)
PjR
(xpjR ) ⊗ φ
(2n)
PjL
(xpjL ) , 1 ≤ j ≤ r , on P
(2n)(Fω1 × Fω1) can be introduced in
such a way that:∫
P (2n)(Fω1×Fω1)
∣∣∣φ(2n)PjR (xpjR )⊗ φ(2n)PjL (xpjL )
∣∣∣ dxpjR dxpjL <∞ .
Each bifunction φ
(2n)
PjR
(xpjR ) ⊗ φ
(2n)
PjL
(xpjL ) is defined on the irreducible equivalence class
representative P (2n)(Fω1j,mj
× Fω1j,mj
) characterized by a rank rPωj×ωj = (N ·m
(j))2n .
The normalized rank r/NPωj×ωj
of P (2n)(Fω1j,mj
× Fω1j,mj
) is defined by:
r/NPωj×ωj
= rPωj×ωj
/
(N ·m(j))2n = 1 .
A character on G(2n)(Fω × Fω) is then defined to be a bifunction χjR×L = φ
(2n)
PjR
(xpjR ) ⊗
φ
(2n)
PjL
(xpjL ) from the irreducible equivalence class representative P
(2n)(Fω1j,mj
× Fω1j,mj
) of
G(2n)(Fω × Fω) , having as normalized rank r/NPωj×ωj
, into IC .
And, the group of characters χjR×L of P
(2n)(Fω1 ×Fω1) is written X(P
(2n)(Fω1 ×Fω1), IC ) .
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2.5.9 Two types of trace formulas: an introduction
Two kinds of trace formulas will now be developed [Kot1, Art1]. The first one is an
adaptation of the Selberg-Arthur trace formula [Sel, Art2] of an operator associated with
the quotient of a semisimple Lie group and a discrete subgroup in such a way that this
operator corresponds to a unitary representation of the semisimple Lie group G(A ) .
The adaptation considered here concerns the trace of the operator associated with the
bilinear parabolic semigroup P (2n)(Fω1 × Fω1) envisaged as the unitary representation of
the complete bilinear semigroup GLn(Fω ×Fω) . This operator acts by convolution on the
bialgebra L1−1R×L(G
(2n)(F nrω ×F
nr
ω )) of bifunctions on the pseudo-unramified bilinear complete
semigroup G(2n)(F nrω × F
nr
ω ) . As a result, this operator decomposes according to the
unitary conjugacy classes of the pseudo-ramified bilinear algebraic semigroup G(2n)(Fω ×
Fω) and the corresponding trace formula occurs in the bialgebra L
1−1
R×L(G
(2n)(Fω⊕ × Fω⊕))
of bifunctions on G(2n)(Fω⊕ × Fω⊕) . Notice that the complete trace formula referring to
the set of irreducible representations of G(2n)(Fω × Fω) will be envisaged in chapter 4.
Remark that a trace formula, being an operation of bilinear type since it refers to the
matrix representation of an operator, is well adapted to the bilinear case considered here
and, especially, to the second kind of trace formulas occurring directly in the bialgebra
L1−1R×L(G
(2n)(Fω⊕×Fω⊕)) of bifunctions on the pseudo-ramified complete bilinear semigroup
G(2n)(Fω × Fω) . This latter case then leads to the Plancherel formula.
Consequently, the two types of trace formulas correspond to each other.
Let us now start with the first trace formula referring to the Arthur-Selbeg trace formula.
2.5.10 Unitary representation of GLn(Fω × Fω)
Let GLn(Z
2) be the discrete subgroup of the pseudo-unramified bilinear complete semi-
group GLn(F
nr
ω ×F
nr
ω ) . We then consider the bialgebra L
1−1
R×L(GLn(F
nr
ω ×F
nr
ω )
/
GLn(Z
2))
of bifunctions φ
(2n)
GnrjR
(xnrgjR
)⊗φ(2n)GnrjL
(xnrgjL
) on the conjugacy class representatives of GLn(F
nr
ω ×
F nrω ) according to section 2.5.7.
The conjugacy class representatives GLn(F
nr
ωj,mj
× F nrωj,mj ) correspond to the cosets of
GLn(F
nr
R × F
nr
L )
/
GLn(Z
2) in such a way that the space of these cosets is locally com-
pact.
On the other hand, let GLn(Fω × Fω) be the reductive pseudo-ramified complete bilinear
semigroup of matrices and let G(2n)(Fω × Fω) = MR ⊗ ML be its representation space,
i.e. a bilinear semigroup. Then, a unitary representation of GLn(Fω × Fω) in this bilinear
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semigroup G(2n)(Fω × Fω) is any unitary mapping:
UP (2n) : P
(2n)(Fω1 × Fω1) −−−→ R(P
(2n)(Fω1 × Fω1))
P (2n)(Fω1j,mj
× Fω1j,mj
) −−−→ R(P (2n)(Fω1j,mj
× F 1ωj,mj ))
from the bilinear parabolic semigroup P (2n)(Fω1 × Fω1) to the unitary operator
R(P (2n)(Fω1 × Fω1)) according to proposition 2.4.5.
2.5.11 Kernel of the integral operator restricted to the (j,mj)-th conjugacy
class representative of P (2n)(Fω1 × Fω1)
Let φ
(2n)
PjR
(xpjR )⊗ φ
(2n)
PjL
(xpjL ) ∈ L
1−1
R×L(P
(2n)(Fω1 × Fω1)) be the bifunction on the j-th irre-
ducible equivalence class representative of P (2n)(Fω1×Fω1) and let φ
(2n)
GnrjR
(xnrgjR
)⊗φ(2n)GnrjL
(xnrgjL
) ∈
L1−1R×L(G
(2n)(F nrω ×F
nr
ω )) be the bifunction on the corresponding j-th equivalence class rep-
resentative of the pseudo-unramified complete bilinear semigroup G(2n)(F nrω × F
nr
ω ) .
Then, the unitary operator R(P (2n)(F 1ω × F
1
ω)) acts by convolution on every bifunction
φ
(2n)
GnrjR
(xnrgjR
)⊗φ(2n)GnrjL
(xnrgjL
) on the pseudo-unramified bilinear complete semigroup G(2n)(F nrω ×
F nrω ) according to:
R(P (2n)(Fω1j,mj
× Fω1j,mj
)) · (φ(2n)GnrjR
(xnrgjR
)⊗ φ(2n)GnrjL
(xnrgjL
))
=
∫
G(2n)(Fω×Fω)
(φ
(2n)
PjR
(xpjR )⊗ φ
(2n)
PjL
(xPjL ))
× (φ(2n)GnrjR
(xnrgjR
· xpjR )⊗ φ
(2n)
GnrjL
(xnrgjL
· xpjL )) dxpjR dxpjL
=
∫
G(2n)(Fω×Fω)
(φ
(2n)
PjR
(xpjR · (x
nr
gjR
)−1))⊗ φ(2n)PjL
(xPjL · (x
nr
gjL
)−1)))
× (φ(2n)GnrjR
(xpjR )⊗ φ
(2n)
GnrjL
(xpjL )) dxpjR dxpjL
=
∫
G(2n)(Fω×Fω)
(NPjR (xpjR , x
nr
gjR
)⊗NPjL (xpjL , x
nr
gjL
))
× (φ(2n)GnrjR
(xpjR )⊗ φ
(2n)
GnrjL
(xpjL )) dxpjR dxpjL
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where
NPjR (xpjR , x
nr
gjR
) = φ
(2n)
PjR
(xpjR · (x
nr
gjR
)−1)
(resp. NPjL (xpjL , x
nr
gjL
) = φ
(2n)
PjL
(xpjL · (x
nr
gjL
)−1) )
is the right (resp. left) kernel of the integral operator
RP (2n)(Fω1 )(φ
(2n)
PjR
) =
∫
P (2n)
RP (2n)(Fω1)(xpjR ) φ
(2n)
PjR
(xpjR ) dxpjR
(resp. RP (2n)(Fω1)(φ
(2n)
PjL
) =
∫
P (2n)
RP (2n)(Fω1)(xpjL ) φ
(2n)
PjL
(xpjL ) dxpjL )
restricted to the (j,mj)-th conjugacy class representative of P
(2n)(Fω1 × Fω1) .
2.5.12 Proposition
The unitary operator R(P (2n)(Fω1×Fω1)) corresponding to the bilinear parabolic semigroup
P (2n)(Fω1 × Fω1) acts by convolution on the bifunction(s) (φ
(2n)
GnrR
(xnrgR) ⊗ φ
(2n)
GnrL
(xnrpL) on the
pseudo-unramified bilinear complete semigroup G(2n)(F nrω × F
nr
ω ) according to
R(P (2n)(Fω1 × Fω1))(φ
(2n)
GnrR
(xnrgR)⊗ φ
(2n)
GnrL
(xnrpL))
=
∫
G(2n)(Fω×Fω)
(NPR(xpR, x
nr
gR
)⊗NPL(xpL , x
nr
gL
))(φ
(2n)
GnrR
(xpR)⊗ φ
(2n)
GnrL
(xpL)) dxpR dxpL
= ⊕
j,mj
∫
G(2n)(Fω×Fω)
/
GLn(Z
/
NZ )2)
(NPjR (xpjR , x
nr
gjR
)⊗NPjL (xpjL , x
nr
gjL
))
× (φ(2n)GnrjR
(xpjR )⊗ φ
(2n)
GnrjL
(xpjL )) dxpjR dxpjL
where
• φ(2n)GnrR (xpR)⊗ φ
(2n)
GnrL
(xpL)) = ⊕
j
⊕
mj
(φ
(2n)
GnrjR
(xpjR )⊗ φ
(2n)
GnrjL
(xpjL )) ;
• the (bi)kernel of the integral (bi)operator RP (2n)(Fω1×Fω1)(φ
(2n)
PR
⊗ φ(2n)PL ) decomposes:
NPR(xpR, x
nr
gR
)⊗NPL(xpL, x
nr
gL
) = ⊕
j,mj
(NPjR (xpjR , x
nr
gjR
)⊗NPjL (xpjL , x
nr
gjL
)
according to the conjugacy class representatives of P (2n)(Fω1 × Fω1) .
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Proof :
1. By this way, the (bi)kernel (NPR(xpR , x
nr
gR
)⊗ NPL(xpL , x
nr
gL
)) is separable since it de-
composes according to the conjugacy class representatives of P (2n)(Fω1 ×Fω1) which
corresponds to the cosets of G(2n)(Fω × Fω)
/
GLn((Z /N Z )
2) .
2. The integral
∫
G(2n)(Fω×Fω)
(NPR(xpR, x
nr
gR
) ⊗ NPL(xpL, x
nr
gL
))(φ
(2n)
GnrR
(xpR) ⊗ φ
(2n)
GnrL
(xpL))
dxpR dxpL , decomposing according to the conjugacy class representatives ofG
(2n)(Fω×
Fω) , converges since the integral
∫
G(2n)(Fω×Fω)
/
GLn((Z
/
NZ )2)
(NPjR (xpjR , x
nr
gjR
) ⊗
NPjL (xpjL , x
nr
gjL
))(φ
(2n)
GnrjR
(xpjR ) ⊗ φ
(2n)
GnrjL
(xpjL )) dxpjR dxpjL restricted to the (j,mj)-th
conjugacy class representative is bounded.
2.5.13 Proposition
The trace of the unitary operator R(P (2n)(Fω1×Fω1)) can be expressed as a sum of integrals
of φ
(2n)
PjR
(xpjR (x
nr
gjR
)−1)⊗D φ
(2n)
PjL
(xpjL (x
nr
gjL
)−1) according to:
tr(RP (2n)(Fω1×Fω1)(φ
(2n)
PR
⊗ φ(2n)PL ))
= ⊕
j,mj
vol(P (2n)(Fω1 × Fω1)
∫
P (2n)
φ
(2n)
PjR
(xpjR (x
nr
gjR
)−1)⊗D φ
(2n)
PjL
(xpjL (x
nr
gjL
)−1) dxpjR dxpjL
= ⊕
j,mj
RP (2n)(F
ω1
j,mj
×F
ω1
j,mj
)(φ
(2n)
PjR
, φ
(2n)
PjL
)
where (·, ·) is a bilinear form.
Proof : According to proposition 2.5.12, the kernel NPR(xpR , x
nr
gR
) ⊗ NPL(xpL, x
nr
gL
) of the
integral operator R(P (2n)(Fω1 × Fω1)) corresponds precisely to the action of the unitary
parabolic bilinear semigroup P (2n)(Fω1 × Fω1) on the bifunction φ
(2n)
GnrR
(xpR)⊗ φ
(2n)
GnrL
(xpL) on
the pseudo-unramified complete bilinear semigroup G(2n)(F nrω × F
nr
ω ) .
As a result, we have the thesis which is an adaptation of the Arthur’s trace formula for
reductive linear groups [Art2].
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2.5.14 Trace formula for the operator R(G(2n)(Fω × Fω))
A representation of the pseudo-ramified bilinear complete semigroup G(2n)(Fω×Fω) is any
mapping
RG(2n) : G
(2n)(Fω × Fω) −−−→ R(G
(2n)(Fω × Fω))
G(2n)(Fωj,mj × Fωj,mj ) −−−→ R(G
(2n)(Fωj,mj × Fωj,mj ))
from G(2n)(Fω × Fω) to the operator R(G(2n)(Fω × Fω)) ≃ GLn(Fω × Fω) in such a way
that the matrix GLn(Fωj,mj × Fωj,mj ) corresponds to the conjugacy class representative
g
(2n)
R×L[j,mj ] ≡ G
(2n)(Fωj,mj × Fωj,mj ) of the pseudo-ramified bilinear semigroup G
(2n)(Fω ×
Fω) .
Then, a trace formula of the operator R(G(2n)(Fω × Fω)) can be reached from the trace
of the unitary parabolic operator R(P (2n)(Fω1 × Fω1)) by considering the analytic contin-
uation action of the (bi)kernel NPR(xpR, x
nr
gR
) ⊗ NPL(xpL, x
nr
gL
) according to the following
proposition.
2.5.15 Proposition
The trace of the unitary parabolic operator R(P (2n)(Fω1 × Fω1)) can be extended to the
trace of the pseudo-ramified bilinear complete semigroup R(G(2n)(Fω × Fω)) if the action
of the (bi)kernel NPR(xpR, x
nr
gR
) ⊗ NPL(xpL , x
nr
gL
) of R(P (2n)(Fω1 × Fω1)) on the (pseudo-
)unramified bifunction φ
(2n)
GnrR
(xpR)⊗ φ
(2n)
GnrL
(xpL) consists in the analytic continuation of this
bifunction in such a way that the (pseudo-)ramified bifunction φ
(2n)
GR
(xgR) ⊗ φ
(2n)
GL
(xgL) ∈
L1−1R×L(G
(2n)(Fω × Fω)) on the pseudo-ramified bilinear complete semigroup G(2n)(Fω × Fω)
verifies:
φ
(2n)
GR
(xgR)⊗ φ
(2n)
GL
(xpL) = (NPR(xpR , x
nr
gR
)⊗NPL(xpL, x
nr
gL
))(φ
(2n)
GnrR
(xnrpR)⊗ φ
(2n)
GnrL
(xnrpL)) .
So, we get the following trace formula:
tr(RG(2n)(Fω×Fω)(φ
(2n)
GR
⊗ φ(2n)GL ))
= ⊕
j,mj
vol(G(2n)(Fω⊕ × Fω⊕)
∫
G(2n)
φ
(2n)
GjR
(xgjR )⊗D φ
(2n)
GjL
(xgjL ) dxgjR dxgjL
where the sum ranges over the diagonal part of the conjugacy class representatives of
G(2n)(Fω × Fω) .
Proof : The action of the bikernel
NPR(xpR, x
nr
gR
)⊗NPL(xpL, x
nr
gL
) = ⊕
j,mj
(φ
(2n)
PjR
(xpjR (x
nr
gjR
)−1)⊗ φ(2n)PjL
(xpjL (x
nr
gjL
)−1))
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on the (pseudo-)unramified bifunction
φ
(2n)
GnrR
(xpR)⊗ φ
(2n)
GnrL
(xpL) = ⊕
j,mj
(φ
(2n)
GnrjR
(xpjR )⊗ φ
(2n)
GnrjL
(xpjL )) ,
defined on the pseudo-unramified complete bilinear semigroup G(2n)(F nrω × F
nr
ω ) , consists
in the pseudo-ramification of this bifunction according to:
Inr→rR×L : φ
(2n)
GnrR
(xpR)⊗ φ
(2n)
GnrL
(xpL) −−−→ φ
(2n)
GR
(xgR)⊗ φ
(2n)
GL
(xgL)
where Inr→rR×L is an injective morphism to the (pseudo-)ramified bifunction φ
(2n)
GR
(xgR) ⊗
φ
(2n)
GL
(xgL) on the pseudo-ramified bilinear complete semigroup G
(2n)(Fω × Fω) . Con-
sequently, the injective morphism of pseudo-ramification Inr→rR×L of the pseudo-unramified
bifunction φ
(2n)
GnrR
(xpR)⊗φ
(2n)
GnrL
(xpL) corresponds to an analytic continuation of this bifunction
since the injective morphism Inr→rR×L corresponds to the inverse of the map:
G
(2n)
F→Fnr : G
(2n)(Fω × Fω) −−−→ G
(2n)(F nrω × F
nr
ω )
introduced in section 2.4.1.
The volume vol(G(2n)(F nrω × F
nr
ω )) of the pseudo-unramified complete bilinear semigroup
G(2n)(F nrω × F
nr
ω ) with respect to a fixed Haar measure is then inflated by the volume
vol(P (2n)(Fω1 × Fω1)) of the kernel Ker(G
(2n)
F→Fnr) = P
(2n)(Fω1 × Fω1) of G
(2n)
F→Fnr into the
volume vol(G(2n)(Fω × Fω)) .
And, the trace formula tr(RG(2n)(Fω×Fω)(φ
(2n)
GR
⊗ φ(2n)GL )) then follows from the developments
of propositions 2.5.12 and 2.5.13.
2.5.16 Corollary
Let L1−1R×L(G
(2n)(F nrω ×F
nr
ω )) denote the bialgebra of (pseudo-)unramified bifunctions on the
(pseudo-)unramified bilinear complete semigroup G(2n)(F nrω ×F
nr
ω ) and let L
1−1
R×L(G
(2n)(Fω×
Fω)) be the bialgebra of (pseudo-)ramified bifunctions on the pseudo-ramified bilinear com-
plete semigroup G(2n)(Fω × Fω) .
Then, the injective morphism:
Inr→rR×L : L
1−1
R×L(G
(2n)(F nrω × F
nr
ω )) −−−→ L
1−1
R×L(G
(2n)(Fω × Fω))
φ
(2n)
GnrR
(xnrgR)⊗ φ
(2n)
GnrL
(xnrgL) −−−→ φ
(2n)
GR
(xgR)⊗ φ
(2n)
GL
(xgL)
corresponds to a pseudo-ramification morphism of the bialgebra L1−1R×L(G
(2n)(F nrFω ×F
nr
Fω
)) .
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2.5.17 Proposition
Let the bifunction
φ
(2n)
GjR
(xgjR )⊗ φ
(2n)
GjL
(xgjL ) ∈ L
1−1
R×L(G
(2n)(Fω × Fω))
be developed according to:
φ
(2n)
GjR
(xgjR )⊗ φ
(2n)
GjL
(xgjL ) = (φ
(2n)
PjR
(xpjR )⊗ φ
(2n)
PjL
(xpjL ))× (φ
(2n)
GnrjR
(xnrgjR
)⊗ φ(2n)GnrjL
(xnrgjL
)) .
Then, the following trace formula
Tr(RG(2n)(Fω×Fω)(φ
(2n)
GR
⊗ φ(2n)GL ))
= ⊕
j,mj
[
vol(P (2n)(Fω1 × Fω1))
∫
P (2n)
φ
(2n)
PjR
(xpjR )⊗D φ
(2n)
PjL
(xpjL ) dxpjR dxpjL
]
×
[
vol(G(2n)(F nrω × F
nr
ω ))
∫
G(2n)
φ
(2n)
GnrjR
(xnrgjR
)⊗D φ
(2n)
GnrjL
(xnrgjL
) dxnrgjR
dxnrgjL
]
follows and relies on the Lefschetz trace formula.
Proof : The considered trace formula results from the development of the bifunction
φ
(2n)
GjR
(xjR)⊗φ
(2n)
GjL
(xjL) given in proposition 2.5.15 and relies on the Lefschetz trace formula
because φ
(2n)
PjR
(xpjR )⊗φ
(2n)
PjL
(xpjL ) is defined on the bilinear parabolic semigroup P
(2n)(Fω1×
Fω1) which is the isotropy subgroup ofG
(2n)(Fω×Fω) fixing the bielements of G(2n)(Fω×Fω)
(see proposition 2.4.5 and [Gro2]).
2.5.18 Proposition
Let tr(RP (2n)(F 1ω×F 1ω)(φ
(2n)
PR
⊗ φ(2n)PL )) be given by:
tr(RP (2n)(Fω1×Fω1)(φ
(2n)
PR
⊗ φ(2n)PL ))
= ⊕
j
⊕
mj
vol(P (2n)(Fω1 × Fω1))
∫
P (2n)
φ
(2n)
PjR
(xpjR )⊗D φ
(2n)
PjL
(xpjL ) dxpjR dxpjL
= ⊕
j
⊕
mj
RP (2n)(F
ω1
j,mj
×F
ω1
j,mj
)(φ
(2n)
PjR
, φ
(2n)
PjL
)
according to proposition 2.5.13.
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Then, the trace formula Tr(RG(2n)(Fω×Fω)(φ
(2n)
GR
⊗φ(2n)GL )) of proposition 2.5.17, relied on the
Lefschetz trace formula, can be developed as follows:
Tr(RG(2n)(Fω×Fω)(φ
(2n)
GR
⊗ φ(2n)GL ))
= Tr(RP (2n)(Fω1×Fω1))(φ
(2n)
PR
⊗ φ(2n)PL ))× Tr(RG(2n)(Fnrω ×Fnrω )(φ
(2n)
GnrR
⊗ φ(2n)GnrL ))
where
Tr(RG(2n)(Fnrω ×Fnrω )(φ
(2n)
GnrR
⊗ φ(2n)GnrL ))
= ⊕
j,mj
vol(G(2n)(F nrω × F
nr
ω ))
∫
G(2n)
φ
(2n)
GnrjR
(xnrgjR
)⊗D φ
(2n)
GnrjL
(xnrgjL
) dxnrgjR
dxnrgjL
in such a way that RP (2n)(F
ω1
j,mj
×F
ω1
j,mj
)(φ
(2n)
PjR
⊗ φ(2n)PjL
) is an invariant of
Tr(RG(2n)(Fω×Fω)(φ
(2n)
GR
⊗ φ(2n)GL )) .
Proof : The parabolic bifunctions φ
(2n)
PjR
(xpjR )⊗ φ
(2n)
PjL
(xpjL ) , 1 ≤ j ≤ r , are in one-to-one
correspondence and are defined on the bilinear parabolic semigroup P (2n)(Fω1 × Fω1) ,
being the isotropy subgroup of G(2n)(Fω ×Fω) : so, the RP (2n)(F
ω1
j,mj
×F
ω1
j,mj
)(φ
(2n)
PjR
⊗ φ(2n)PjL
) ,
1 ≤ j ≤ r , are the invariants of Tr(RG(2n)(Fω×Fω)(φ
(2n)
GR
⊗ φ(2n)GL )) .
2.5.19 Remark
If P (2n)(Fω1 × Fω1) is considered as the unitary representation of the bilinear semigroup
G(2n)(Fω×Fω) , then the trace formula Tr(RG(2n)(Fω×Fω)(φ
(2n)
GR
⊗φ(2n)GL )) of proposition 2.5.17
refers to the Arthur’s trace formula.
But, if P (2n)(Fω1 × Fω1) is viewed as the isotropy subgroup of G
(2n)(Fω × Fω) , then
tr(RG(2n)(Fω×Fω)(φ
(2n)
GR
⊗ φ(2n)GL )) relies on the Lefschetz trace formula.
2.5.20 Second trace formula for the operator R(G(2n)(Fω × Fω))
A trace formula of the operator R(G(2n)(Fω × Fω)) can be developed directly from the
set of bifunctions φ
(2n)
GjR
(xgjR )⊗ φ
(2n)
GjL
(xgjL ) ∈ L
1−1
R×L(G
(2n)(Fω × Fω)) on the conjugacy class
representatives of G(2n)(Fω × Fω) and not from an extension of the trace formula of the
unitary parabolic operator R(P (2n)(Fω1 × Fω1)) .
As the bifunction φ
(2n)
GR
(xgR)⊗φ
(2n)
GL
(xgL) , defined on the pseudo-ramified bilinear complete
semigroup G(2n)(Fω⊕ × Fω⊕) , develops
φ
(2n)
GR
(xgR)⊗ φ
(2n)
GL
(xgL) = ⊕
j,mj
(
φ
(2n)
GjR
(xgjR )⊗ φ
(2n)
GjL
(xgjL )
)
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according to the bifunctions φ
(2n)
GjR
(xgjR ) ⊗ φ
(2n)
GjL
(xgjL ) on the conjugacy class representa-
tives g
(2n)
R×L[j,mj ] of G
(2n)(Fω × Fω) , which correspond to the cosets of GLn(FR × FL)
/
GLn((Z
/
N Z )2) , we get clearly the searched trace formula:
tr(R
GLn(Fω×Fω)
/
GLn((Z
/
N Z )2)
(φ
(2n)
GR
(xgR)⊗ φ
(2n)
GL
(xgL))
= ⊕
j,mj
vol(G(2n)(Fω × Fω))
∫
G(2n)
φ
(2n)
GjR
(xgjR )⊗D φ
(2n)
GjL
(xgjL ) dxgjR dxgjL .
This trace formula of R(G(2n)(Fω × Fω)) corresponds to the trace formula obtained in
proposition 2.5.15 from the trace of R(P (2n)(Fω1 × Fω1)). It results from the action of
the Hecke bialgebra HR×L(n) on the pseudo-ramified bilinear semigroup G(2n)(Fω × Fω)
since it is generated by the Hecke bioperators (TR(n; r)⊗TL(n; r)) having as representation
GLn((Z
/
N Z )2) according to proposition 2.2.6.
This trace formula will be proved in chapter 3 to correspond to the Plancherel formula
if the considered pseudo-ramified bilinear algebraic semigroup has undergone a projective
toroidal isomorphism of compactification.
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3 Langlands global correspondences for irreducible
representations of GL(n)
Introductive keys
In chapter 2, nonabelian global class field concepts were introduced, i.e. essentially the con-
struction of an algebraic bilinear semigroup G(2n)(F˜ω×F˜ω) constituting the 2n-dimensional
irreducible representation IrrW
(2n)
FR×L
(W abFR ×W
ab
FL
) of the product, right by left, of global
Weil groups.
It was shown that G(2n)(F˜ω × F˜ω) decomposes into diagonal and off-diagonal r conju-
gacy (bi)classes whose equivalent representatives mr are noted g
(2n)
R×L[j,mj ] , 1 ≤ j ≤ r .
The equivalent representative mj of the j-th left (resp. right) class of T
(2n)(F˜ω) (resp.
T (2n)(F˜ω)
t ⊂ G(2n)(F˜ω × F˜ω) is noted g
(2n)
L [j,mj ] (resp. g
(2n)
R [j,mj ] ).
The algebraic representation space of the algebraic bilinear semigroup of matrices
GLn(F˜ω × F˜ω) is noted Repsp(GLn(F˜ω × F˜ω)) and is precisely the algebraic bilinear semi-
group G(2n)(F˜ω × F˜ω) isomorphic to the GLn(F˜ω × F˜ω)-bisemimodule (M˜R ⊗ M˜L) .
Then, the content of this chapter will concern:
a) the introduction of a general bilinear cohomology defined as a contravariant
bifunctor H∗ from smooth abstract (resp. algebraic) bisemivarieties together with a
natural transformation nH∗→H[∗,∗] from H
∗ to the associated the de Rham bilinear
cohomology H [∗,∗] ;
b) the Fulton-McPherson compactification of bilinear algebraic semigroups;
c) a toroidal compactification of the lattice bisemispace XSR×L ;
d) a double coset decomposition of GLn(Fω×Fω) leading to the equivalent of a bilinear
Shimura variety S
Pn
Kn ;
e) the Langlands global correspondence on Repsp(GLn(F˜ω⊕ × F˜ω⊕)) based upon the
study of the ring of regular (bi)functions on Repsp(GLn(F˜ω × F˜ω)) and the corre-
sponding Langlands “real” correspondence.
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3.1 Compactifications of bilinear algebraic semigroups and global
holomorphic correspondences
3.1.1 The compactification of bilinear algebraic semigroups
The compactification of the bilinear algebraic semigroup G(n)(F˜+v × F˜
+
v ) over the product,
right by left, of real pseudo-ramified extension semirings leads to the compactified bilinear
algebraic semigroup G(n)(F+v × F
+
v ) , taking into account the inclusions
G(n)(F+v × F
+
v ) →֒ G(2n)(Fω × Fω)y≀ y≀
G(n)(F˜+v × F˜
+
v ) →֒ G(2n)(F˜ω × F˜ω)
of the “real” bilinear algebraic semigroups into the corresponding “complex” bilinear al-
gebraic semigroups as justified in section 3.5.1.
We show that this problem is closely associated to the generation of a smooth bilinear gen-
eral bisemivariety τ
(n)
σ (F
+
v ×F
+
v ) characterized by polyhedral convex bicones σ
(n)
R×L(F
+
vjδ,mjδ
×
F+vjδ,mjδ
) .
And, this bilinear general bisemivariety τ
(n)
σ (F
+
v × F
+
v ) is in one-to-one correspondence
with the bilinear general “toroidal” bisemivariety τ
(n)
T (F
+,T
v ×F
+,T
v ) in such a way that the
polyhedral convex bicones σ
(n)
R×L(F
+
vjδ,mjδ
×F+vjδ,mjδ
) are transformed into products, right by
left, of n-dimensional real semitori T nR[jδ, mjδ ]× T
n
L [jδ, mjδ] ∈ G
(n)(F+,Tv × F
+,T
v ) .
3.1.2 An adaptation of the Fulton-McPherson compactification
The set of left (resp. right) real pseudo-ramified completions
F+v = {F
+
v1δ
, · · · , F+vjδ,mjδ
, · · · , F+vrδ} (resp. F
+
v = {F
+
v1δ
, · · · , F+vjδ,mjδ
, · · · , F+vrδ} )
introduced in section 1.1.5, proceeds from the set of left (resp. right) real pseudo-ramified
Galois extensions of k :
F˜+v = {F˜
+
v1δ
, · · · , F˜+vjδ,mjδ
, · · · , F˜+vrδ} (resp. F˜
+
v = {F˜
+
v1δ
, · · · , F˜+vjδ,mjδ
, · · · , F˜+vrδ} )
(see sections 1.1.4 and 1.1.7).
Let G(n)(F˜+v × F˜
+
v ) denote the non-compact real bilinear algebraic semigroup with entries
in (F˜+v × F˜
+
v ) .
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Several types of compactification can be envisaged for it: we shall introduce here an
adaptation of the compactification of W. Fulton and R. McPherson [F-M], which allows to
consider a compactification by unit blocks consisting in irreducible real extensions F˜
v
j′
δ
jδ
,
1 ≤ j′δ ≤ jδ , of rank N in one-to-one correspondence with the irreducible real completions
F
v
j′
δ
jδ
, as defined in section 1.1.5.
Let {g˜(n)R×L[jδ, mjδ ]}
t
jδ=1
denote the set of conjugacy class representatives of the real non
compact bilinear algebraic semigroup G(n)(F˜+v × F˜
+
v ) and let
{g˜(n)L [jδ, mjδ ]}
t
jδ=1
⊂ G(n)(F˜+v ) ≃ Tn(F˜
+
v )
(resp. {g˜(n)R [jδ, mjδ ]}
t
jδ=1
⊂ G(n)(F˜+v ) ≃ T
t
n(F˜
+
v ) )
be the corresponding set of left (resp. right) conjugacy class representatives of the real
non compact linear algebraic semigroup G(n)(F˜+v ) (resp. G
(n)(F˜+v ) ).
Referring to proposition 2.3.4, it is easy to see that the rank rvjδ (resp. rvjδ )of the
conjugacy class representative g˜
(n)
L [jδ, mjδ ] (resp. g˜
(n)
R [jδ, mjδ ] ) is given by:
rvjδ = N
n · jn (resp. rvjδ = N
n · jn )
where:
• N is the rank of the real irreducible extensions F˜
v
j′
δ
jδ
,
• j is the global class residue degree of F˜vjδ .
If nF is the number of non-units of F˜
v
j′
δ
jδ
, then:
• the number of points of g˜(n)L [jδ, mjδ ] (resp. g˜
(n)
R [jδ, mjδ ] ) is:
n
g˜
(n)
L [jδ,mjδ ]
= jn ·Nn · nnF
(resp. n
g˜
(n)
R [jδ,mjδ ]
= jn ·Nn · nnF ),
• the number of irreducible subsets F˜
v
j′
δ
jδ
(n) of g˜
(n)
L [jδ, mjδ ] (resp. g˜
(n)
R [jδ, mjδ ] ) is:
n eF
v
j′
δ
jδ
= jn (resp. n eFvjδ
= jn ).
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The compactification of the conjugacy class representatives g˜
(n)
L [jδ, mjδ ] and g˜
(n)
R [jδ, mjδ ]
is realized symmetrically respectively in the upper and in the lower half spaces according
to the method developed by W. Fulton and R. McPherson in [F-M]: this leads to the
following propositions.
3.1.3 Proposition
At each irreducible subset F˜
v
j′
δ
jδ
(n) ∈ g˜(n)L [jδ, mjδ ] (resp. F˜vj
′
δ
jδ
(n) ∈ g˜(n)R [jδ, mjδ ] ) at N ·nF ele-
ments, corresponds a non-singular irreducible compact completion F
v
j′
δ
jδ
(n) (resp. F
v
j′
δ
jδ
(n) ),
i.e. a closed irreducible compact one-dimensional subset of g
(n)
L [jδ, mjδ ] ∈ G
(n)(F+v ) (resp.
g
(n)
R [jδ, mjδ ] ∈ G
(n)(F+v ) ) such that:
a) the union of the irreducible completions F
v
j′
δ
jδ
(n) (resp. F
v
j′
δ
jδ
(n) ) is g
(n)
L [jδ, mjδ ] (resp.
g
(n)
R [jδ, mjδ ] );
b) these irreducible completions meet transversally.
Proof :
1. As the conjugacy class representatives g˜
(n)
L [jδ, mjδ ] (resp. g˜
(n)
R [jδ, mjδ ] ) are built from
irreducible subsets F˜
v
j′
δ
jδ
(n) (resp. F˜
v
j′
δ
jδ
(n) ), it is normal that the compactification
acts on these unit blocks.
2. A set of blowups is then envisaged on the N · nF elements of the irreducible subsets
F˜
v
j′
δ
jδ
(n) and F˜
v
j′
δ
jδ
(n)in such a way that the N ·nF points of F˜
v
j′
δ
jδ
(n) form an irreducible
divisor (or completion) F
v
j′
δ
jδ
(n) cent red on a point in the upper half space and that
the N · nF points of F˜
v
j′
δ
jδ
(n) form a symmetric divisor D(F
v
j′
δ
jδ
(n)) in the lower half
space centered on a symmetric point.
A sequence of maximum N ·nF blowups [F-M] is envisaged such that the N ·nF points
become together a point and generate a completion (i.e. a closed irreducible compact
one-dimensional subset) which constitutes a limiting configuration in the compacti-
fication of F˜
v
j′
δ
jδ
(n) (resp. F˜
v
j′
δ
jδ
(n) ), in the sense that equivalent compactifications of
F˜
v
j′
δ
jδ
(n) (resp. F˜
v
j′
δ
jδ
(n) ) exist (they are called degenerated in [F-M]).
3. More concretely:
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• a first irreducible subset F˜
v
1′
δ
jδ
(n) is compactified by blowups of its N ·nF points
into the completion F
v
1′
δ
jδ
(n) ;
• a second irreducible subset F˜
v
2′
δ
jδ
(n) is compactified in the completion F
v
2′
δ
jδ
(n) by
blowing up its (N ·nF ) points in a compact neighbourhood of F
v
1′
δ
jδ
(n) in such a
way that F
v
2′
δ
jδ
(n) be transversal to F
v
1′
δ
jδ
(n) ;
• it is proceeded in that manner for all irreducible subsets of g˜(n)L [jδ, mjδ ] in
such a way that the compactification of these gives a polyhedral convex cone
g
(n)
L [jδ, mjδ ] with j
n
δ completions or closed one-dimensional compact subsets
meeting transversally (or having normal crossings);
• to the polyhedral convex cone g(n)L [jδ, mjδ ] localized in the upper half space
corresponds a symmetric polyhedral convex cone g
(n)
R [jδ, mjδ ] localized in the
lower half space.
3.1.4 Definitions
• A left (resp. right) polyhedral convex cone σ(n)L (F
+
vjδ,mjδ
) (resp. σ
(n)
R (F
+
vjδ,mjδ
) )
is a conjugacy class representative g
(n)
L [jδ, mjδ ] (resp. g
(n)
R [jδ, mjδ ] ) of the linear
complete algebraic semigroup G(n)(F+v ) (resp. G
(n)(F+v ) ) on the (Z
/
N Z )-lattice
Λv (resp. Λv ) (corresponding to the (Z
/
N Z )-lattice Λω (resp. Λω ) introduced in
section 2.2 in such a way that g
(n)
L [jδ, mjδ ] (resp. g
(n)
R [jδ, mjδ ] ) be included into the
subsemigroup g
(2n)
L [j,mj ] (resp. g
(2n)
R [j,mj ]) localized in the upper (resp. lower) half
space) [Dan].
• A polyhedral convex bicone σ(n)R×L(F
+
vjδ,mjδ
× F+vjδ,mjδ
) is a conjugacy class rep-
resentative g
(n)
R×L[jδ, mjδ ] of the bilinear complete semigroup G
(n)(F+v × F
+
v ) on the
(Z
/
N Z )2-bilattice Λv ⊗ Λv .
• A smooth linear general semivariety [K-K-M-S] τ (n)σ (F+v ) (resp.
τ
(n)
σ (F
+
v ) ) is a linear complete algebraic semigroup G
(n)(F+v ) (resp. G
(n)(F+v ) ) com-
posed of the family {g(n)L [jδ, mjδ ]} (resp. {g
(n)
R [jδ, mjδ ]} ) of disjoint conjugacy class
representatives together with a collection of charts from real conjugacy class repre-
sentatives g
(n)
L [jδ, mjδ ] (resp. g
(n)
R [jδ, mjδ ] ) to their complex equivalents g
(2n)
L [j,mj ]
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(resp. g
(2n)
R [j,mj ] ):
czj : {g(n)L [jδ, mjδ ]}mjδ −−−→ g
(2n)
L [j,mj ]
(resp. cz∗j : {g(n)R [jδ, mjδ ]}mjδ −−−→ g
(2n)
R [j,mj ] )
where czj (resp. cz∗j ) are coordinate functions on the corresponding conjugacy class
representatives.
The czj (resp. cz∗j ) can be represented as Laurent monomials in functions of the
complex variables zj1, · · · , z
j
n (resp. z
∗j
1 , · · · , z
∗j
n ).
• A compactified smooth linear general complex semivariety τ (2n)cσ (Fω) (resp.
τ
(2n)
cσ (Fω) ) is obtained from τ
(n)
σ (F+v ) (resp. τ
(n)
σ (F
+
v ) ) by gluing together the conju-
gacy class representatives of G(2n)(Fω) (resp. G
(2n)(Fω) ) in such a way that, if
fωj,mj (z
j) : g
(2n)
L [j,mj ] −−−→ C
(resp. fωj,mj (z
∗j) : g
(2n)
R [j,mj ] −−−→ C
∗ )
is a function on g
(2n)
L [j,mj ] (resp. g
(2n)
R [j,mj ] ),
then a Laurent polynomial
fω(z) : G
(2n)(Fω) −−−→ C
(resp. fω(z
∗) : G(2n)(Fω) −−−→ C
∗ )
given by:
fω(z) =
r
Σ
j,mj=1
fωj,mj (z
j) , 1 ≤ j ≤ r ≤ ∞ ,
(resp. fω(z
∗) =
r
Σ
j,mj=1
fωj,mj (z
∗j) )
can be introduced on τ
(2n)
cσ (Fω⊕) (resp. τ
(2n)
cσ (Fω⊕) ) as a(n) (in)finite linear combina-
tion of Laurent monomials corresponding to the left (resp. right) polyhedral convex
cones σ
(n)
L (F
+
vjδ,mjδ
) (resp. σ
(n)
R (F
+
vjδ,mjδ
) ).
3.1.5 Proposition
Let τ
(2n)
cσ (Fω) (resp. τ
(2n)
cσ (Fω) ) be a compactified smooth linear general semivariety whose
conjugacy class representatives g
(2n)
L [j,mj ] (resp. g
(2n)
R [j,mj ] ) are glued together and on
which the functions fω(z
j) (resp. fω(z
∗j) ) are considered.
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Then, on the compactified semivariety τ
(2n)
cσ (Fω) (resp. τ
(2n)
cσ (Fω) ), the (differentiable)
function fω(z) (resp. fω(z
∗) ), defined in a neighbourhood of a point z0 (resp. z
∗
0 ) of C
n ,
is holomorphic at z0 (resp. z
∗
0 ) if we have the following multiple power series development:
fω(z) =
∞
Σ
j=1
Σ
mj
cj,mj (z
′
1 − z01)
j · · · (z′n − z0n)
j ,
(resp. fω(z
∗) =
∞
Σ
j=1
Σ
mj
c∗j,mj (z
′∗
1 − z
′∗
01
)j · · · (z
′∗
n − z
′∗
0n)
j )
where z′1, · · · , z
′
n are (functions of) complex variables, on unitary closed supports
taking into account that:
a) to each conjugacy class representative g
(2n)
L [j,mj ] ∈ τ
(2n)
cσ (Fω) (resp. g
(2n)
R [j,mj ] ∈
τ
(2n)
cσ (Fω) ) corresponds a term of the multiple power series development of fω(z)
(resp. fω(z
∗) ). These terms have the same structure by construction of g
(2n)
L [j,mj ]
(resp. g
(2n)
R [j,mj ] ), 1 ≤ j ≤ r ≤ ∞ .
b) the coefficients cj,mj (resp. c
∗
j,mj
) have an inflation action from functions on the con-
jugacy class representatives P (2n)(Fω1j ) (resp. P
(2n)(Fω1j ) ) of the “complex” parabolic
subsemigroup to the corresponding functions on the conjugacy class representatives
g
(2n)
L [j,mj ] (resp. g
(2n)
R [j,mj ] ) of the algebraic semigroup G
(2n)(Fω) (resp. G
(2n)(Fω) ).
c) j →∞ .
Proof :
a) According to definitions 3.1.4, the coordinate functions czj (resp. cz∗j ) on the conju-
gacy classes of τ
(2n)
cσ (Fω) (resp. τ
(2n)
cσ (Fω) ) can be represented as Laurent monomials.
So, each term of the multiple power series development of fω(z) (resp. fω(z
∗) )
corresponds to a conjugacy class representative g
(2n)
L [j,mj ] (resp. g
(2n)
R [j,mj ] ).
b) If j → ∞ , the number of conjugacy classes of τ (2n)cσ (Fω) (resp. τ
(2n)
cσ (Fω) ) must
tend to infinity in order that the multiple power series, converging to z in some
neighbourhood of z0 , be equal there to fω(z) (resp. fω(z
∗) ).
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3.1.6 Proposition
The coefficients cj,mj of the holomorphic function fω(z) (resp. fω(z
∗) ) on the compactified
algebraic semivariety τ
(2n)
cσ (Fω) (resp. τ
(2n)
cσ (Fω) ) are given by the products:
λ
1
2 (2n, j,mj) =
2n
Π
d=1
λ
1
2
d (2n, j,mj)
of the square roots of the eigenvalues λd(2n, j,mj) of the (j,mj)-th coset representatives
Uj,mjR × Uj,mjL of the product TR(n; t)⊗ TL(n; t) of the Hecke operators.
Proof : As the holomorphic function fω(z) (resp. fω(z
∗) ) decomposes into a multi-
ple power series whose terms are (sub)functions on the conjugacy class representatives
g
(2n)
L [j,mj ] (resp. g
(2n)
R [j,mj ] ) of the semivariety τ
(2n)
cσ (Fω) (resp. τ
(2n)
cσ (Fω) ), fω(z) (resp.
fω(z
∗) ) corresponds to an endomorphism of τ
(2n)
cσ (Fω) (resp. τ
(2n)
cσ (F
+
ω ) ) into itself.
On the other hand, as the semivariety τ
(2n)
cσ (Fω) (resp. τ
(2n)
cσ (Fω) ) is defined on the
(Z
/
N Z )-lattice Λω (resp. Λω ) (see definitions 3.1.4), on which acts the Hecke oper-
ator TL(n; t) (resp. TR(n; t) ) whose product TR(n; t)⊗TL(n; t) has a representation in the
subgroup of matrices GLn((Z
/
N Z )2) , the product of the square roots of the eigenvalues
λ(2n, j,mj) of the (j,mj)-th coset representative Uj,mjR ×Uj,mjL of TR(n; t)⊗ TL(n; t) will
naturally constitute the searched coefficient cj,mj of the holomorphic function fω(z) : this
results from proposition 2.2.5.
3.1.7 Laurent polynomial on the general bisemivariety
Let G(n)(F˜+v × F˜
+
v ) denote the non-compact real bilinear algebraic semigroup and let
G(n)(F+v × F
+
v ) be its locally compact equivalent obtained by the Fulton-McPherson com-
pactification as introduced in proposition 3.1.4. To the set of polyhedral convex bi-
cones σ
(n)
R×L(F
+
vjδ,mjδ
× F+vjδ,mjδ
) ≡ g(n)R×L[jδ, mjδ ] of G
(n)(F+v × F
+
v ) corresponds the smooth
general bisemivariety τ
(n)
σ (F
+
v × F
+
v ) which leads to its compactified complex equiva-
lent τ
(2n)
cσ (Fω × Fω) obtained by gluing together the conjucacy class representatives of
G(n)(F+v × F
+
v ) . And, a Laurent (bi)polynomial
fω(z
∗)⊗D fω(z) =
r
Σ
j=1
Σ
mj
cj,mj · c
∗
j,mj
z∗j · zj
can be introduced on τ
(2n)
cσ (Fω⊕ × Fω⊕) .
3.1.8 Proposition
On the compactified complex bisemivariety τ
(2n)
cσ (Fω⊕×Fω⊕) , the bifunction fω(z
∗)⊗fω(z) ,
defined in the neighbourhood of a bipoint (z∗0× z0) of C
n×C n , is holomorphic at (z∗0× z0)
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if we have the multiple power series development:
fω(z
∗)⊗(D) fω(z) =
∞
Σ
j=1
Σ
mj
c∗j,mj cj,mj (z
∗′
1 z
′
1 − z
∗
01z01)
j · · · (z∗
′
n z
′
n − z
∗
0nz0n)
j
verifying:
a) to each conjugacy class representative g
(2n)
R×L[j,mj ] ∈ τ
(2n)
cσ (Fω × Fω) corresponds a
term of fω(z
∗)⊗ fω(z) ;
b) j →∞ ;
c) each term of fω(z
∗)⊗(D) fω(z) generates a function subspace of dimension j
2n .
Proof : This is an adaptation of proposition 3.1.6 to the bilinear case.
3.1.9 Corollary
The holomorphic bifunction fω(z
∗) ⊗(D) fω(z) on the compactified algebraic bisemivariety
τ
(2n)
cσ (Fω⊕ × Fω⊕) constitutes an irreducible holomorphic representation Irr hol(GLn(Fω ×
Fω)) of the bilinear complete semigroup G
(2n)(Fω × Fω) ≈ GLn(Fω × Fω) .
3.1.10 Power series development on the real compactified semigroups
If the inclusion G(n)(F+v ×F
+
v →֒ G
(2n)(Fω×Fω) of the real compactified bilinear complete
semigroup G(n)(F+v × F
+
v ) into its complex equivalent G
(2n)(Fω × Fω) is not taken into
account, a power series development can be envisaged on G(n)(F+v ) = {g
(n)
L [jδ, mjδ ]} (resp.
G(n)(F+v ) = {g
(n)
R [jδ, mjδ ]} ).
Consider the compactified smooth linear general real semivariety τ
(n)
cσ (F
+
v ) (resp. τ
(n)
cσ (F
+
v ) )
obtained from τ
(n)
σ (F+v ) (resp. τ
(n)
σ (F
+
v ) ) by gluing together the conjugacy class represen-
tatives of G(n)(F+v ) (resp. G
(n)(F+v ) ) in such a way that:
fvjδ,mjδ
(xjδ) : g
(n)
L [jδ, mjδ ] −−−→ IR , x = (x1, . . . , xn) ∈ IR
n ,
(resp. fvjδ,mjδ
(−xjδ) : g(n)R [jδ, mjδ ] −−−→ IR )
be a function on g
(n)
L [jδ, mjδ ] (resp. g
(n)
R [jδ, mjδ ] ).
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3.1.11 Proposition
On the compactified real semivariety τ
(n)
cσ (F
+
v ) (resp. τ
(n)
cσ (F
+
v ) ), the (differentiable) func-
tion fv(x) (resp. fv(x)) has a power series development if it can be expressed according
to
fv(x) = Σ
jδ
Σ
mjδ
cjδ,mjδ (x
′)jδ
(resp. fv(−x) = Σ
jδ
Σ
mjδ
cjδ,mjδ (−x
′)jδ ),
where x′ is a function of the real variables x = (x1, . . . , xn).
This implies that:
fvjδ,mjδ
(xjδ) = cjδ,mjδ (x
′)jδ
(resp. fvjδ,mjδ
(−xjδ) = cjδ,mjδ (−x
′)jδ ).
Proof : The power series development of fv(x) (resp. fv(−x)) on the complete algebraic
semigroup G(n)(F+v ) (resp. G
(n)(F+v ) ) is rather “natural” since its conjugacy class repre-
sentatives have the same structure by construction. So, the terms of fv(x) (resp. fv(−x) )
on the conjugacy class representatives have the same functional structure.
3.1.12 Corollary
The power series bifunction fv(−x)⊗(D)fv(x) on the compactified algebraic real bisemivari-
ety τ
(n)
cσ (F
+
v⊕
× F+v⊕) constitutes an irreducible functional representation space
Irr Repsp(GLn(F
+
v × F
+
v )) of the bilinear complete semigroup G
(n)(F+v × F
+
v ).
3.1.13 Proposition
Let F˜+v⊕ = ⊕
jδ
F˜+vjδ
⊕
mjδ
F˜+vjδ,mjδ
(resp. F˜+v⊕ = ⊕
jδ
F˜+vjδ
⊕
mjδ
F˜+vjδ,mjδ
) denote the sum of the left
(resp. right) real pseudo-ramified extensions of k . Then, the non compact real bilinear
algebraic semigroup G(n)(F˜+v⊕ × F˜
+
v⊕) , associated with G
(n)(F+v × F
+
v ) , constitutes a n-
dimensional non compact irreducible representation of the product W ab
F+R
×W ab
F+L
of global
Weil groups according to:
IrrRepW
(n)
F+R×F
+
L
: W ab
F+R
×W ab
F+L
−−−→ G(n)(F˜+v⊕ × F˜
+
v⊕
) .
Proof : This is an adaptation of proposition 2.4.7 to the real case.
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3.1.14 Proposition
On the non compact real bilinear algebraic semigroup G(n)(F˜+v⊕×F˜
+
v⊕
) there exists the global
functional correspondence:
Irr RepW
(n)
F+R×F
+
L
(W ab
F+R
×W ab
F+L
)
‖
G(n)(F˜+v⊕ × F˜
+
v⊕
)
−−−→ Irr Repsp(G(n)(F+v⊕ × F
+
v⊕
))
‖
fv(−x)⊗ fv(x)
ց ր
G(n)(F+v⊕ × F
+
v⊕
)
• from the sum of the products, right by left, of the equivalence classes of the irre-
ducible n-dimensional non-compact representation Irr RepW
(n)
F+R×F
+
L
(W ab
F+R
×W ab
F+L
) of
the product W ab
F+R
×W ab
F+L
of global Weil groups, given by the non-compact real bilinear
algebraic semigroup G(n)(F˜+v⊕ × F˜
+
v⊕)
• to the sum of the products, right by left, of the equivalence classes of the irreducible
representation space Irr Repsp(G(n)(F+v ×F
+
v )) of G
(n)(F+v ×F
+
v ) given by the power
series bifunction fv(−x)⊗fv(x) on the compactified algebraic bisemivariety τ
(n)
cσ (F
+
v⊕
×
F+v⊕) or on the compact bilinear algebraic semigroup G
(n)(F+v × F
+
v ) .
Proof :
1. It has been seen in proposition 3.1.13 that IrrRepW
(n)
F+R×F
+
L
(W ab
F+R
×W ab
F+L
) = G(n)(F˜+v⊕×
F˜+v⊕) where G
(n)(F˜+v⊕×F˜
+
v⊕) is the non-compact real bilinear algebraic semigroup with
entries in F˜+v⊕ × F˜
+
v⊕
.
2. The Fulton-McPherson compactification by blowups transforms G(n)(F˜+v × F˜
+
v ) into
the compact real bilinear algebraic semigroup G(n)(F+v × F
+
v ) .
3. The power series development of fv(−x) ⊗ fv(x) on G(n)(F
+
v⊕
× F+v⊕) constitutes an
irreducible functional representation space of G(n)(F+v × F
+
v ) according to corollary
3.1.12.
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3.2 General bilinear cohomology theory
3.2.1 Introduction of bilinear cohomology
As the envisaged mathematical structures are bilinear, we have to introduce a bilinear
cohomology in one-to-one correspondence with its linear equivalent.
The existence of a bilinear cohomology is justified by:
• the cycle map;
• the Tannakian category of representations of affine groups schemes.
The considered bilinear cohomology will be “general” in the sense that it will be a cohomol-
ogy theory on abstract bisemivarieties in one-to-one correspondence with the associated
affine algebraic bisemivarieties covering those [Hart].
The affine algebraic bisemivarieties will be affine bilinear algebraic semigroups
G(n)(F˜+v ×F˜
+
v
) embedded isomorphically in their complex equivalents G(n)(F˜ω×
F˜ω) and covering the complete algebraic bilinear semigroups G
(n)(F+v × F
+
v
) .
Note that the conjugacy classes of G(n)(F+v ×F
+
v ) are isomorphic to these of G
(n)(F˜+v ×F˜
+
v )
by a suitable compactification described in section 3.1.
The following proposition will define and justify the general bilinear cohomology
theory on smooth abstract (resp. algebraic) bisemivarieties G(n)(F+v × F
+
v )
(resp. G(n)(F˜+v × F˜
+
v )) as the (graded) right derived bifunctor H
2∗(G(n)(F+v ×
F+
v
),FREPSP(GL2∗(F
+
v ×F
+
v
))) (resp. H2∗(G(n)(F˜+v ×F˜
+
v
),FREPSP(GL2∗(F˜
+
v ×
F˜+
v
))) of the functional representation spaces of the complete (resp. algebraic) bilinear
parabolic subsemigroups P 2∗(F+
v1
×F+v1) (resp. P
2∗(F˜+
v1
× F˜+v1)) having trivial actions where
FREPSP(GL2∗(F˜
+
v × F˜
+
v ) denotes the functional representation spaces of the graded bi-
linear algebraic semigroups
GL2∗(F˜
+
v × F˜
+
v ) = ⊕
i≤n
GL2i(F˜
+
v × F˜
+
v ) .
In connection with the bilinear cohomology semigroupH2∗(G(n)(F+v ×F
+
v ),FREPSP(GL2∗(F
+
v ×
F+v ))) on the smooth abstract bisemivariety G
(n)(F+v × F
+
v ) , there exists a morphism
H 2∗→[∗,∗] : H2∗(G(n)(F+v × F
+
v ),FREPSP(GL2∗(F
+
v × F
+
v )))
−−−→ H [∗,∗](G
(n)
d (F
+
v × F
+
v ),Ω
∗+∗
G
(n)
d (F
+
v ×F
+
v )
)
into the bilinear cohomology of the de Rham type H [∗,∗](G
(n)
d (F
+
v × F
+
v ),Ω
∗+∗
G
(n)
d (F
+
v ×F
+
v )
)
where:
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• the dimension ∗ on the left in [∗, ∗] is a covariant cohomological dimension and the
dimension ∗ on the right is a contravariant cohomological dimension;
• G(n)d (F
+
v × F
+
v ) is a differentiable smooth abstract bisemivariety;
• Ω∗+∗
G
(n)
d (F
+
v ×F
+
v )
= ⊕
i
Ωi+i
G
(n)
d (F
+
v ×F
+
v )
are the graded bisemisheaves of differential (i + i)-
forms on G
(n)
d (F
+
v × F
+
v ) , i.e. the wedge product of right semisheaves of differential
(i, 0)-forms by left semisheaves of differential (0, i)-forms.
3.2.2 Proposition (General bilinear cohomology)
A general bilinear cohomology theory is a contravariant bifunctor
H2∗ : {smooth abstract (resp. algebraic) bisemivarieties G(n)(F+v × F
+
v )
(resp. G(n)(F˜+v × F˜
+
v ) )}
−−−→ {graded (functional) representation spaces of the complete
(resp. algebraic) bilinear semigroups GL2∗(F
+
v × F
+
v )
(resp. GL2∗(F˜
+
v × F˜
+
v ) )}
together with a natural transformation:
nH2∗→H[∗,∗] : H
2∗(G(n)(F+v × F
+
v ),FREPSP(GL2∗(F
+
v × F
+
v )))
(resp. H2∗(G(n)(F˜+v × F˜
+
v ),FREPSP(GL2∗(F˜
+
v × F˜
+
v ))) )
−−−→ H [∗,∗](G
(n)
d (F
+
v × F
+
v ),Ω
∗+∗
G
(n)
d (F
+
v ×F
+
v )
)
into the bilinear cohomology of the de Rham type of dimension ∗+ ∗ .
Let H2i(G(n)(F+v × F
+
v ),FREPSP(GL2i(F
+
v × F
+
v ))) be the general bilinear cohomology
semigroup of dimension 2i .
Let H2i(G(n)(F˜+v−v)) be the associated linear cohomology group where F˜
+
v−v = F˜
+
v ∪ F˜
+
v is
the set of algebraic extensions corresponding to F+v × F
+
v .
The linear cohomology H2i(G(n)(F˜+v−v)) is characterized by the cycle map:
γi
G
(n)
v−v
: Z¯ i(G(n)(F˜+v−v)) −−−→ H
2i(G(n)(F˜+v−v))
where Z¯ i(G(n)(F˜+v−v)) is the group of algebraic cycles of codimension i over the linear
algebraic group G(n)(F˜+v−v) .
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The bilinear cohomology H2i(G(n)(F+v × F
+
v ),FREPSP(GL2i(F
+
v × F
+
v )) is characterized
by the bisemicycle map
γi
G
(n)
v×v
: Z¯ i(G(n)(F+v × F
+
v )) −−−→ H
2i(G(n)(F+v × F
+
v )),FREPSP(GL2i(F
+
v × F
+
v ))
where Z¯ i(G(n)(F+v ×F
+
v )) is the bilinear semigroup of compactified bisemicycles of codimen-
sion i on the bilinear complete semigroup G(n)(F+v × F
+
v ) in such a way that
FREPSP (GL2i(F
+
v × F
+
v )) be embedded isomorphically in its complex equivalent
FREPSP (GL2i(F
+
ω × F
+
ω )) : this is at the origin of this cycle map.
The associated the de Rham bilinear cohomology is characterized by the bisemicycle map:
γ
[i,i]
G
(n)
v−v
: Z¯ [i,i](G
(n)
d (F
+
v × F
+
v )) −−−→ H
[i,i](G
n)
d (F
+
v × F
+
v ),Ω
∗+∗
G
(n)
d (F
+
v ×F
+
v )
where Z¯ [i,i](G
(n)
d (F
+
v × F
+
v )) is the bilinear semigroup of compactified bisemicycles of codi-
mension 2i = i+ i on the bilinear complete semigroup G
(n)
d (F
+
v × F
+
v ) .
The correspondence between the linear cohomology and the associated bilinear
cohomologies is given by the commutative diagram:
Linear Bilinear Bilinear
Z¯ i(G(n)(F˜+v−v)) −−−→ Z¯
[i,i](G
(n)
d (F
+
v × F
+
v )) −−−→ Z¯
i(G(n)(F+v × F
+
v ))yγiG(n)
v−v
y≀ γ[i,i]G(n)
v−v
y≀ γiG(n)
v×v
H2i(G(n)(F˜+v−v))
∼
−−−→ H [i,i](G(n)d (F
+
v × F
+
v ),
Ωi+i
G
(n)
d (F
+
v ×F
+
v ))
−−−→ H2i(G(n)(F+v × F
+
v ),
FREPSP(GL2i(F
+
v × F
+
v )))
Proof : Remark first that the general bilinear cohomology theory is induced from:
a) The cycle map γi
G
(n)
v×v
which is related to the linear cycle map γi
G
(n)
v−v
and to the bilinear
the de Rham cycle map γ
[i,i]
G
(n)
v−v
.
b) the Tannakian category of representations of affine group schemes [Del4].
The commutative diagram of this proposition clearly shows that the linear cycle map γi
G
(n)
v−v
proceeds from the bilinear cycle map of the de Rham type γ
[i,i]
G
(n)
v−v
and from the isomorphism:
H2i(G(n)(F˜+v−v))
∼
−−−→ H [i,i](G
(n)
d (F
+
v × F
+
v ),Ω
i+i
G
(n)
d (F
+
v ×F
+
v )
) .
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Note that the bilinear cohomology of the de Rham type H [i,i](G
(n)
d (F
+
v × F
+
v ) has
dimension 2i = i + i (as the corresponding bilinear semigroup of compactified bisemi-
cycles Z¯ [i,i](G
(n)
d (F
+
v ×F
+
v )) from the consideration of bisemisheaves of differential (i+ i)-
forms while the general bilinear cohomology H2i(G(n)F+v ×F
+
v ),FREPSP(GL2i(F
+
v ×
F+v )) has dimension “2i” due to its “diagonal” isomorphic embedding into
H2i(G(n)(Fω × Fω),FREPSP(GL2i(Fω × Fω)) .
3.2.3 Proposition
The general bilinear cohomology is a general cohomology theory in the sense that:
• it is a motivic (bilinear) cohomology theory or a Weil (bilinear) cohomology theory;
• it is directly related to the standard cohomology theories like the singular, de Rham
and Betti cohomologies.
Proof :
1. The general bilinear cohomology H2∗(G(n)(F+v ×F
+
v )),FREPSP(GL2∗(F
+
v ×F
+
v )) is
directly related to:
• the Betti cohomology because the complete (algebraic) bilinear semigroup
G(n)(F+v × F
+
v ) is covered by the affine bilinear algebraic semigroup G
(n)(F˜+v ×
F˜+v ) which is embedded isomorphically in its complex equivalent G
(n)(F˜ω×F˜ω) .
Thus, we have an embedding σR×L : F
+
v × F
+
v →֒ C × C .
This allows to define a bilinear Betti cohomology which must be in one-to-one
correspondence with the classical linear Betti cohomology according to propo-
sition 3.2.2.
• the de Rham cohomology if the considered complete (algebraic) bilinear semi-
group is differentiable, i.e. is G
(n)
d (F
+
v × F
+
v ) .
The obtained de Rham cohomology H [∗,∗](G
(n)
d (F
+
v ×F
+
v ),Ω
∗+∗
G
(n)
d (F
+
v ×F
+
v
) is bilin-
ear, but, by the commutative diagram of proposition 3.2.2, it is in one-to-one
correspondence with the classical linear de Rham cohomology.
• the singular bilinear cohomology which is in one-to-one correspondence with the
de Rham bilinear cohomology.
2. The general bilinear cohomology is a motivic or Weil (bilinear) cohomology theory
if it verifies the standard conjectures on algebraic (bi)cycles as developed in the
following proposition.
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3.2.4 Proposition
The general bilinear cohomology theory, defined by the contravariant bifunctor H 2∗ and the
natural transformation nH2∗→H[∗,∗] , is characterized by:
1. Hodge bisemicycles H i+i(G(n)(Fω × Fω),FREPSP(GLi+i(F
+
v × F
+
v )) (resp.
H i+i(G(n)(F˜+ω × F˜
+
ω ),FREPSP(GLi+i(F˜
+
v × F˜
+
v )) ), 2i = i + i , on abstract (resp.
algebraic) complex bisemivarieties into “real” functional representation spaces of
GLi+i(F
+
v × F
+
v ) in such a way that there is a bifiltration F
p
R×L on the right and
left cohomology semigroups of H2i(G(n)(• × •),−) given by:
F pR×LH
2i(G(n)(• × •),−) = ⊕
i=p+q
H2(p+q)(G(n)(• × •),−) .
2. a Ku¨nneth standard conjecture implying that the projectors
H2∗(G(n)(• × •),−) −−−→ H2i(G(n)(• × •),−)
are induced by algebraic bisemicycles CYi(G(n)(F˜+v × F˜
+
v )) ⊂ Z¯
i(G(n)(F˜+v × F˜
+
v ))
decomposing into rational subbisemicycles according to the conjugacy class represen-
tatives of GL2i(F˜
+
v × F˜
+
v ) .
3. a Ku¨nneth biisomorphism:
H2∗(G(n)(F+v ),FREPSP(GL2∗(F
+
v )))⊗F+v ×F
+
v
H2∗(G(n)(F+v ),FREPSP(GL2∗(F
+
v )))
−−−→ H2∗(G(n)(F+v × F
+
v ),FREPSP(GL2∗(F
+
v × F
+
v )))
associated with the exact sequence:
0 −−−→ Σ
i=p+q
H2i(G(n)(F+v × F
+
v ),FREPSP(GL2p+2q(F
+
v × F
+
v )))
Hi−0
−−−→ Σ
i=p+q
H2i(G(n)(F+v × F
+
v ),FREPSP(GL2p+2q(F
+
v × F
+
v )))
+H0(G(n)(F+v × F
+
v ),FREPSP(GL1(F
+
v × F
+
v )))
−−−→ H0(G(n)(F+v × F
+
v ),FREPSP(GL1(F
+
v × F
+
v ))) −−−→ 0
in such a way that
H2p(G(n)(F+v × F
+
v ),FREPSP(GL2p(F
+
v × F
+
v )))
⊗H2i−2p(G(n)(F+v × F
+
v ),FREPSP(GL2i−2p(F
+
v × F
+
v )))
−−−→ H0(G(n)(F+v × F
+
v ),FREPSP(GL1(F
+
v × F
+
v )))
is the bilinear version of the intersection cohomology according to the Goresky-Mac
Pherson approach [G-MP] and referring to the Poincare duality.
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Proof :
1. The Hodge bisemicycles H i+i(G(n)(Fω × Fω),FREPSP(GLi+i(F
+
v × F
+
v )) are justi-
fied because G(n)(Fω × Fω) is an abstract complex bisemivariety embedding its real
equivalent G(n)(F+v × F
+
v ) . So, G
(n)(Fω × Fω) is a Ka¨hler bisemivariety on which a
Hodge decomposition [D-M-O-S]an be performed.
Since abstract bisemivarieties are concerned, the Hodge decomposition must apply
on the right and left semivarieties G(n)(Fω) and G
(n)(Fω) of G
(n)(Fω×Fω) and Hodge
bisemicycles follow themselves.
Similarly, a Hodge bifiltration on right and left (abstract) bisemivarieties ofG(n)(F+v ×
F+v ) is justified.
2. The Ku¨nneth standard conjecture dealing with the projectors H2∗(G(n)(•×•),−)→
H2i(G(n)(• × •),−) are induced from algebraic bisemicycles CYi(G(n)(F˜+v × F˜
+
v ))
because the concerned cohomologies are bilinear cohomologies of abstract bisemiva-
rieties.
On the other hand, these projectors refer to mappings interpreted as inverse quantum
deformations of Galois representations as introduced in [Pie6] and applied in [Pie2].
3. The considered Ku¨nneth biisomorphism takes into account the intersection cohomol-
ogy which is a pairing between the 2p-th and 2(i − p)-th bilinear cohomologies in
the 0-th bilinear cohomology H0(G(n)(•×•),−) yielding a 0-dimensional bisemicycle
because the intersection is composed of a finite set of bipoints.
3.3 Borel-Serre toroidal compactification
3.3.1 General bilinear toroidal bisemivariety
A following step is the transformation of the bilinear general toric bisemivariety τ
(n)
σ (F˜
+
v ×
F˜+v ) (or τ
(n)
cσ (F˜
+
v × F˜
+
v ) ) into the bilinear general toroidal bisemivariety τ
(n)
T (F
+,T
v ×F
+,T
v ) .
This can be realized by considering the projective emergent isomorphism γcR × γ
c
L from
the bilinear algebraic semigroup G(n)(F˜+v × F˜
+
v ) , corresponding to τ
(n)
σ (F˜
+
v × F˜
+
v ) or to
τ
(n)
cσ (F˜
+
v × F˜
+
v ) , to its toroidal equivalent G
(n)(F+,Tv ×F
+,T
v ) , corresponding to τ
(n)
T (F
+,T
v ×
F+,Tv ) as considered in the following section: in fact, the projective emergent isomorphism
γcR × γ
c
L will be more precisely developed for the complex bilinear algebraic semigroup
G(2n)(F˜ω × F˜ω) , taking into account the inclusion
G(n)(F˜+v × F˜
+
v ) →֒ G
(2n)(F˜ω × F˜ω) .
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A toroidal compactification will been envisaged for the lattice bisemispace XSR×L : it will
correspond to the Borel-Serre toroidal compactification which will be decomposed into a
two step sequence which will lead to the equivalent of a Shimura (bisemi)variety. This
compactification is in fact a projective mapping of XSR×L , generating products of pairs of
embedded complex semitori (which are the only complex compact Lie (semi)groups).
3.3.2 Definition
The left (resp. right) toroidal projective emergent (iso)morphism γCL : XSL → XSL (resp.
γCR : XSR → XSR ) can be decomposed into the two steps sequence [Pie1]:
a) the points PaL[j,mj ] ∈ g˜
(2n)
L [j,mj ] (resp. PaR[j,mj ] ∈ g˜
(2n)
R [j,mj ] ) are mapped onto the
origin of F˜ 2nω (resp. F˜
2n
ω ).
b) these points PaL[j,mj ] (resp. PaR[j,mj] ) are then projected symmetrically from the
origin of F˜ nω (resp. F˜
n
ω ) into a connected compact complete semivariety which is
a complex semitorus T 2nL [j,mj ] (resp. T
2n
R [j,mj ] ) in (F
T
ω )
n (resp. (F Tω )
n ) where
F Tω = {F
T
ω1
, · · · , F Tωj,mj , · · · , F
T
ωr} (resp. F
T
ω = {F
T
ω1
, · · · , F Tωj,mj , · · · , F
T
ωr} ) is the
set of toroidal (compactified) completions F Tωj,mj
(resp. F Tωj,mj
) corresponding to
Fωj,mj (resp. Fωj,mj ).
This left (resp. right) projective emergent morphism γCL (resp. γ
C
R ) is an isomorphism
because it is characterized by its representatives haL[j,mj ] (resp. haR[j,mj ] ) given by the triple
haL[j,mj ] = {PaL[j,mj ] , r(PaL[j,mj ]), γaL[j,mj ]}
(resp. haR[j,mj ] = {PaR[j,mj ] , r(PaR[j,mj ]), γaR[j,mj ]} )
where:
• r(PaL[j,mj ]) (resp. r(PaR[j,mj ]) ) is the euclidian distance, from the origin, of a point
PaL[j,mj ] (resp. PaR[j,mj ] ) projected into the 2n-dimensional semitorus T
2n
L[j,mj ]
(resp.
T 2nR[j,mj ] );
• γaL[j,mj ] (resp. γaR[j,mj ] ) is a one-to-one correspondence between the point PaL[j,mj ]
(resp. PaR[j,mj ] ) and its projective localization given by r(PaL[j,mj ]) (resp. r(PaR[j,mj ]) ).
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3.3.3 Proposition
The projective emergent isomorphism γCR×L : XSR×L → XSR×L , mapping the pseudo-
ramified lattice bisemispace XSR×L = GLn(F˜R×F˜L)
/
GLn((Z
/
N Z )2) into the correspond-
ing toroidal compactified lattice bisemispace: XSR×L = GLn(F
T
R × F
T
L
/
GLn((Z
/
N Z )2) ,
is such that XSR×L may be viewed as the interior of its compactified corresponding XSR×L
in the sense of the Borel-Serre compactification.
Proof : according to definition 3.3.2, the projective emergent isomorphism sends all equiv-
alent representatives of conjugacy classes into their toroidal compactified equivalents
g
(2n)
TR×L
[j,mj ] consisting in products of n-dimensional complex semitori T
2n
R [j,mj ]×T
2n
L [j,mj ] .
The inclusion XSR×L →֒ XSR×L is a homotopy equivalence so thatXSR×L may be considered
as the interior of XSR×L .
3.3.4 Double coset decomposition
A double coset decomposition of the bilinear toroidal semigroup GLn(F
T
R × F
T
L ) gives rise
to the compactified bisemispace:
S
Pn
Kn = Pn(F
T
ω1 × F
T
ω1) \GLn(F
T
R × F
T
L
/
GLn((Z
/
N Z )2)
where Pn(F
T
ω1
× F Tω1) is the bilinear parabolic subsemigroup of matrices associated with
the complete (algebraic) bilinear parabolic subsemigroup P (2n)(F T
ω1
× F Tω1) introduced in
section 2.4.1.
Pn(F
T
ω1
× F Tω1) has the Gauss decomposition as developed in the following section.
Remark that
GLn(F
T
R × F
T
L )
/
GLn((Z
/
N Z )2) ≃ Pn(F
T
ω1 × F
T
ω1) \GLn(F
T
R × F
T
L )
since GLn(F
T
R × F
T
L )
/
GLn((Z
/
N Z )2) corresponds to the set of lattices of
(F Tω )
n × (F Tω )
n [Bor1], [Del3].
3.3.5 Definition: Levi and Gauss decompositions for (complex) parabolic sub-
groups
Pn(F
T
ω1) (resp. Pn(F
T
ω1
) ) has the standard Levi decomposition:
Pn(F
T
ω1) = Z n(F
T
ω1) · Un(F
T
ω1) (resp. Pn(F
T
ω1) = Z n(F
T
ω1) · Un(F
T
ω1) )
where:
93
• Z n(F
T
ω1) (resp. Z n(F
T
ω1
) ) is the left (resp. right) centralizer of F Tω1 (resp. F
T
ω1
) in
Tn(F
T
ω1) (resp. Tn(F
T
ω1
)t ⊂ GLn(F Tω × F
T
ω ) and is represented by diagonal matrices
dn(F
T
ω1) (resp. dn(F
T
ω1
) );
• Un(F Tω1) (resp. Un(F
T
ω1
) ) is the left (resp. right) unipotent radical of Pn(F
T
ω1) (resp.
Pn(F
T
ω1
) ) and is represented by upper (resp. lower) unitriangular matrices un(F
T
ω1)
(resp. un(F
T
ω1
)t ).
Similarly, the complex bilinear parabolic subsemigroup Pn(F
T
ω1
×F Tω1) ≡ Pn(F
T
ω1
)×Pn(F Tω1) )
has the Gauss decomposition:
Pn(F
T
ω1 × F
T
ω1) = (Dn(F
T
ω1) ·Dn(F
T
ω1))(UTn(F
T
ω1)
t · UTn(F
T
ω1))
according to proposition 2.1.4. Pn(F
T
ω1
× F Tω1) is a bilinear normal subgroup of GLn(F
T
ω ×
F Tω ) because it is represented by the product of the subgroups of diagonal matrices, iso-
morphic to maximal (semi)tori, by the subgroups of unipotent matrices [Bor2].
3.3.6 Representation spaces of bilinear algebraic semigroups
a) The double coset decomposition of GLn(F
T
R ×F
T
L ) is a compactified bisemispace S
Pn
Kn
which corresponds to the representation space Repsp(GLn(F
T
ω × F
T
ω )) of GLn(F
T
ω ×
F Tω ) . So we have
S
Pn
Kn ≃ Repsp(GLn(F
T
ω × F
T
ω )) = G
(2n)(F Tω × F
T
ω )
since G(2n)(F Tω ×F
T
ω ) decomposes into conjugacy classes having equivalent represen-
tatives g
(2n)
TR×L
[j,mj ] .
b) Considering the Gauss decomposition of GLn(F
T
ω × F
T
ω ) and of Pn(F
T
ω1
× F Tω1) , we
can introduce the double coset decomposition of the diagonal part of GLn(F
T
R ×F
T
L )
which is a compactified diagonal bisemispace noted S
Z[Pn]
Z[Kn] and given by:
S
Z[Pn]
Z[Kn] = Dn(F
T
ω1 × F
T
ω1) \Dn(F
T
R × F
T
L )
/
Dn((Z
/
N Z )2)
where:
• Dn(F Tω1 × F
T
ω1) ⊂ Pn(F
T
ω1
× F Tω1) following definition 3.3.5;
• Dn(F TR × F
T
L ) ⊂ GLn(F
T
R × F
T
L ) .
So, as in a), we can state:
S
Z[Pn]
Z[Kn] ≃ Repsp(Dn(F
T
ω × F
T
ω )) = D
(n)(F Tω × F
T
ω )
with evident notations.
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c) In the following sections, bilinear cohomology semigroups of S
Pn
Kn will be considered
with coefficients in complete algebraic representation spaces Repsp(GLn(F
T
ω × F
T
ω ))
of GLn(F
T
ω × F
T
ω ) , 1 ≤ n ≤ ∞ .
These representation spaces Repsp(GLn(F
T
ω × F
T
ω )) are GLn(F
T
ω⊕
× F Tω⊕)-bisemimo-
dules MTR⊕ ⊗ MTL⊕ (see proposition 2.1.4). Now, generally, the coefficients of
the (bilinear) cohomology are envisaged in (bisemi)sheaf of rings. In this
purpose, a (semi)sheaf of rings M̂2iTR (resp. M̂
2i
TL
) of complex-valued continuous
functions φ
(2i)
GTjR
(xgTjR
) (resp. φ
(2i)
GTjL
(xgTjL
) ) on the basic conjugacy class representatives
g
(2i)
TR
[j,mj = 0] (resp. g
(2i)
TL
[j,mj = 0] ) of Repsp(T
t
i (F
T
ω )) (resp. Repsp(Ti(F
T
ω )) ) can
thus be envisaged.
OnM2iTR⊗M
2i
TL
, it is then the bisemisheaf of rings M̂2iTR⊗M̂
2i
TL
which has to be taken
into account (in this context, see also section 3.4.10).
So, the developments dealing with bilinear cohomology with coefficients in
GLi(F
T
ω × F
T
ω )-bisemimodules M
2i
TR
⊗M2iTL , 1 ≤ i ≤ ∞ , can be easily transposed to
those with coefficients in bisemisheaves of rings M̂2i
TR
⊗M̂2i
TL
over M2i
TR
⊗M2i
TL
.
3.3.7 Definition: Weil algebra of the bilinear nilpotent Lie algebra
Let
pG→Z [G] : Repsp(GLi(F
T
ω × F
T
ω )) −−−→ Repsp(Di(F
T
ω × F
T
ω ))
denote the projective mapping of the smooth principal bundle H 2i given by the triple
(Repsp(GLi(F
T
ω × F
T
ω )),Repsp(Di(F
T
ω × F
T
ω )), pG→Z [G]) and having as fiber
F (2i)R×L = UTi(F
T
ω )
t × UTi(F
T
ω ) the product of the unipotent complete subgroups
UTi(F
T
ω )
t and UTi(F
T
ω ) .
Let Lie(F (2i)R×L) = Ui(F
T
ω )× Ui(F
T
ω ) be the Lie algebra of the fiber F
(2i)
R×L .
The exterior algebra A(Lie(F (2i)R×L)) on Lie(F
(2i)
R×L) is the algebra of products of differential
forms of all degrees. ∧(Repsp(GLi(F Tω × F
T
ω ))) will denote the graded differential algebra
of differential forms of Repsp(GLi(F
T
ω ×F
T
ω )) and ∧(Repsp(Di(F
T
ω ×F
T
ω ))) will denote the
graded differential algebra of differential forms of Repsp(Di(F
T
ω × F
T
ω )) .
It is evident that:
∧(Repsp(Di(F
T
ω × F
T
ω ))) ⊂ Repsp(GLi(F
T
ω × F
T
ω ))) .
Let S(Lie(F (2i)R×L)) denote the symmetric algebra on Lie(F
(2i)
R×L) which can be identified to
the algebra of symmetric multilinear forms on Lie(F (2i)R×L) .
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Then, the Weil algebra of the Lie algebra Lie(F (2i)R×L) is by definition the graded algebra
[Car]:
W (Lie(F (2i)R×L)) = A(Lie(F
(2i)
R×L))× S(Lie(F
(2i)
R×L)) .
3.3.8 Definition
A connection on the fibered space Repsp(GLi(F
T
ω × F
T
ω )) consists in a bilinear mapping
fR×L of A
1(Lie(F (2i)R×L)) in the subspace of the elements of degree one of the algebra
∧(Repsp(GLi(F
T
ω × F
T
ω ))) .
fR×L can be extended as a homomorphism:
f ′R×L : A(Lie(F
(2i)
R×L)) −−−→ ∧ (Repsp(GLi(F
T
ω × F
T
ω ))) .
On the other hand, according to [G-H-V] and [Car], the connection fR×L generates a
homomorphism from Is(Lie(F
(2i)
R×L)) , which is the subalgebra of invariant elements of
S(Lie(F (2i)R×L)) identified to the algebra of symmetric multilinear forms ∨(Lie(F
(2i)
R×L)) on
Lie(F (2i)R×L) , into H
2n(∧(Repsp(Di(F
T
ω × F
T
ω )))) : this is the Chern-Weil homomorphism
hR×L : ∨(Lie(F
(2i)
R×L)) −−−→ H
2i(∧(Repsp(Di(F
T
ω × F
T
ω ))))
were H2i(·) defines a Hodge bilinear (i, i) class also written i+ i in section 3.2.
3.3.9 Proposition
Let (M2iTR ⊗M
2i
TL
) be the representation space of GLi(F
T
ω × F
T
ω ) .
Then, the existence of a biconnection associated with the homomorphism Is(Lie(F
(2i)
R×L))→
∧(Repsp(Di(F
T
ω × F
T
ω ))) is equivalent to the existence of a nilpotent fiber F
(2i)
R×L in the
smooth principal bundle H 2i(Repsp(GLi(F
T
ω ×F
T
ω )),Repsp(Di(F
T
ω × F
T
ω )), pG→Z [G]) which
implies that:
H2i(S
Pn
Kn,M
2i
TR
⊗M2iTL) ≃ Repsp(GLi(F
T
ω × F
T
ω ))
only if Repsp(GLi(F
T
ω ×F
T
ω )) , which is the fibered space of the principal bundle H
2i(·, ·, ·) ,
is an irreducible representation space of GLi(F
T
ω × F
T
ω ) .
Proof : as the connection fR×L can be extended to the homomorphism f
′
R×L given in
definition 3.3.8 and generates the Chern-Weil homomorphism hR×L , it appears that the
knowledge of Repsp(Di(F
T
ω × F
T
ω )) , together with the connection fR×L is sufficient to
know the cohomology H2i(S
Pn
Kn,M
2i
TR
⊗ M2iTL) [Car]. Thus, the action of a connection
on Repsp(GLi(F
T
ω × F
T
ω ))) is equivalent to the action of the nilpotent fiber F
(2i)
R×L on
Repsp(Di(F
T
ω ×F
T
ω )) . And, we have that the cohomology H
2i(S
Pn
Kn,M
2i
TR
⊗M2iTL) , which is
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the cohomology of the fibered space, is in one-to-one correspondence with Repsp(GLi(F
T
ω ×
F Tω )) .
3.3.10 Proposition
Let M2iTR⊗M
2i
TL
be an irreducible GLi(F
T
ω ×F
T
ω )-subbisemimodule of (MTR⊗MTL) , i ≤ n .
Then, the 2i-dimensional irreducible representation IrrW
(2i)
FR×L
(W abFR ×W
ab
FL
) of the product
of the global Weil groups is given by:
Irr RepW
(2i)
FR×L
(W abFR ×W
ab
FL
) = G(2i)(F˜ω⊕ × F˜ω⊕)
≃ Repsp(GLi(F
T
ω⊕
× F Tω⊕) = H
2i(S
Pn
Kn ,M
2i
TR⊕
⊗M2iTL⊕ ) .
Proof : indeed, according to proposition 3.1.13, we have that
H2i(S
Pn
Kn,M
2i
TR⊕
⊗M2iTL⊕ ) = Repsp(GLi(F
T
ω⊕
× F Tω⊕)
and, according to proposition 2.4.7, we have that:
IrrW
(2i)
FR×L
(W abFR ×W
ab
FL
) = G(2i)(F˜ω⊕ × F˜ω⊕) .
So, we are led to the isomorphism:
IrrW
(2i)
FR×L
(W abFR ×W
ab
RL
) ≃ H2i(S
Pn
Kn,M
2i
TR⊕
⊗M2iTL⊕ )
because IrrW
(2i)
FR×L
(W abFR×W
ab
FL
) refers to not necessarily compact algebraic extensions while
H2i(S
Pn
Kn,M
2i
TR
⊗M2iTL) is the cohomology of the toroidal compactified bisemispace S
Pn
Kn .
3.4 Langlands global correspondence on the irreducible algebraic
bilinear semigroup GLn(F˜ω × F˜ω)
3.4.1 Proposition
The cohomology H2i(S
Pn
Kn,M
2i
TR⊕
⊗M2iTL⊕ ) has a decomposition according to the equivalent
representatives g
(2i)
TR×L
[j,mj ] of the conjugacy classes of the complete bilinear semigroup
G(2i)(F Tω × F
T
ω ) according to:
H2i(S
Pn
Kn,M
2i
TR⊕
⊗M2iTL⊕ ) =
r
⊕
j=1
⊕
mj
g
(2i)
TR×L
[j,mj ] .
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Proof :
H2i(S
Pn
Kn,M
2i
TR⊕
⊗M2iTL⊕ ) = G
(2i)(F Tω⊕ × F
T
ω⊕
)
where G(2i)(F Tω⊕×F
T
ω⊕
) decomposes according to the equivalent representatives g
(2i)
TR×L
[j,mj ]
of G(2i)(F Tω × F
T
ω ) . So, we get the thesis.
3.4.2 Corollary
Let
S
Z[Pn]
Z[Kn] = Dn(F
T
ω1 × F
T
ω1) \Dn(F
T
R × F
T
L )
/
Dn((Z
/
N Z )2)
be the diagonal compactified bisemispace and let D(2i)(F Tω⊕ × F
T
ω⊕) be the diagonal bilinear
semigroup decomposing into conjugacy classes having representatives g
(2i)
TR×L
[j] . Then, we
have the following decomposition of the cohomology:
H2i(S
Z[Pn]
Z[Kn],M
2i
TR⊕
(D)⊗M2iTL⊕ (D)) =≃ ⊕j
g
(2i)
TR×L
[j]
where (M2iTR⊕
(D)⊗M2iTL⊕ (D)) = ⊕j
(M2iTωj
⊗M2iTωj ) is a Di(F
T
ω⊕
× F Tω⊕)-bisemimodule.
Proof : referring to chapter 1, we note that the conjugacy classes of D(2i)(F Tω × F
T
ω ) have
unique representatives g
(2i)
TR×L
[j] , since there is no nilpotent action in the diagonal case, the
nilpotent action being generated by UT ti (F
T
ω )× UTi(F
T
ω ) ⊂ GLi(F
T
ω × F
T
ω ) .
3.4.3 Analytic development of the bilinear cohomology H2i(S
Pn
Kn
,M2i
TR
⊗M2i
TL
)
The objective consists now in proving that the decomposition of the bilinear cohomology
H2i(S
Pn
Kn,M
2i
TR
⊗M2iTL) corresponding to the representation space of the irreducible bilinear
general semigroup GLi(F
T
ω × F
T
ω ) has an analytic development given by the development
in truncated Fourier series of the product of a “right” 2i-dimensional cusp form by its left
equivalent.
As the decomposition of the cohomology H2i(S
Pn
Kn,M
2i
TR
⊗M2iTL) is given by the sum over
j and mj of equivalent representatives g
(2i)
TR×L
[j,mj ] = g
(2i)
TR
[j,mj ]× g
(2i)
TL
[j,mj ] consisting in
products, right by left, of i-dimensional complex semitori T 2iR [j,mj ]× T
2i
L [j,mj ] according
to proposition 3.3.3, an analytic development must be given to these semitori as follows:
3.4.4 Proposition
Let ~z =
2i
Σ
d=1
zd~ed be a vector of (Fωj )
i and, more precisely, a point of G(2i)(Fωj ) .
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Then, every left (resp. right) i-dimensional complex semitorus has the analytic develop-
ment:
T 2iL [j,mj ] ≃ λ
1
2 (2i, j,mj)e
2πijz
(resp. T 2iR [j,mj ] ≃ λ
1
2 (2i, j,mj)e
−2πijz )
where • λ
1
2 (2i, j,mj) ≃ j2i · N2i · (m(j))2i can be considered as a “global” Hecke
character;
• z = Σ
d
zd |~ed| .
Proof :
1. The cohomology H2i(S
Pn
Kn,M
2i
TR
⊗M2iTL) corresponds to an endomorphism of S
Pn
Kn into
itself. Its decomposition into classes “ j ” with representatives “ mj ” refers to the
cosets of GLi(F
T
R ×F
T
L )
/
GLi((Z
/
N Z )2) . So, the scalar λ(2i, j,mj) will correspond
to the eigenvalues of gi(OFTωj,mj
×OF+ωj,mj
) ∈ GLi((Z
/
N Z )2) which is the j-th coset
representative UjR × UjL of the product TR(i; r) ⊗ TL(i; r) of the Hecke operators
according to proposition 2.2.5.
More precisely, let {λd(2i, j,mj)}2id=1 be the set of eigenvalues of UjR × UjL and let
λ(2i, j,mj) =
2i
Π
d=1
λd(2i, j,mj) be the product of these eigenvalues.
According to definition 2.2.4, we have that
λ(2i, j,mj) =
2i
Π
d=1
λd(2i, j,mj) = det(αi2;j2 ×Dj2;mj2 )ss ≃ j
2i ·N2i · (m(j))2i
where Dj2;mj2 is the decomposition group of the j-th bisublattice with representative
mj and where αi2;j2 is the j-th split Cartan subgroup.
So, it appears that the square root λ
1
2 (2i, j,mj) of λ(2i, j,mj) can be considered as
a global Hecke character having an inflation action on e2πijz .
2. On the other hand, as we are concerned with the j-th global or infinite complex place
ωj or ωj , we have to consider the global Frobenius substitution for the left (resp.
right) place ωj (resp. ωj ) as given by the mapping:
e2πiz −−−→ e2πijz ,
(resp. e−2πiz −−−→ e−2πijz ) z ∈ G(2i)(Fωj ) ≡ g
(2i)
L [j,mj ] ,
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e2πiz being a “circular” function on the j2iδ completions of g
(2i)
L [j,mj ] according to
proposition 3.1.3.
So, the left (resp. right) semitorus corresponding to the equivalent representative
g
(2i)
TL
[j,mj ] (resp. g
(2i)
TR
[j,mj ] ) has the following analytic development:
T 2iL [j,mj ] ≃ λ
1
2 (2i, j,mj)e
2πijz
(resp. T 2iR [j,mj ] ≃ λ
1
2 (2i, j,mj)e
−2πijz )
taking into account that the n-dimensional complex left (resp. right) semitorus
T 2iL [j,mj ] (resp. T
2i
R [j,mj ] ) is diffeomorphic to the i-fold product
T 2iL [j,mj ] = T
2
L[j,mj ]× · · · × T
2
L[j,mj ]
(resp. T 2iR [j,mj ] = T
2
R[j,mj ]× · · · × T
2
R[j,mj ] )
of 1-dimensional complex left (resp. right) semitori T 2L[j,mj ] (resp. T
2
R[j,mj ] ).
These semitori have the analytic development:
T 2L[j,mj ] = λT 2L e
2πijzd
= S1d1 [j,mj ]× S
1
d2 [j,mj ] ( zd ∈ IC , )
= rS1d1
e2πijxd1 × rS1d2
e2πij(iyd2 ) ( xd1 ∈ IR , yd2 ∈ IR )
≃ λd1(1, j,mj) · λd2(1, j,mj) e
2πijxd1 × e2πij(iyd2 )
where
• λd1(1, j,mj)·λd2(1, j,mj) ≃ rS1d1
·rS1d2
is a product of two eigenvalues of UjR×UjL ,
• rS1d1
and rS1d2
are radii.
Indeed, the left 1D-complex semitorus T 2L[j,mj ] is diffeomorphic to the product of
two circles
S1d1 [j,mj ] = rS1d1
e2πijxd1
and
S1d2 [j,mj ] = rS1d2
e2πij(iyd2 )
localized in perpendicular planes with cos(2πijyd2) and sin(2π(ijyd2) of e
2πi(ijyd2)
defined over iIR .
This is justified by the fact that a rotation of 900 of the circle S1d2 [j,mj ] =
rS1d2
e2πij(iyd2 ) over iIR transforms it into the circle S1d2⊥
[j,mj ] = rS1d2
e2πij(yd2 ) over
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IR , localized in the same plane as the circle S1d1 [j,mj ] , according to:
rot(900) : S1d2 [j,mj ] −−−→ S
1
d2⊥
[j,mj ]
rS1d2
e2πij(iyd2 )
/
iIR −−−→ rS1d2
e2πij(yd2 )
/
IR
where:
• S1d2 [j,mj ] = rS1d2
[cos(2πijyd2) + i sin(2πijyd2)] ,
• S1d2⊥
[j,mj ] = rS1d2
[cos(2πjyd2) + i sin(2πjyd2)] ,
Finally, recall that
e2πijz = e2πijz1 × · · · × e2πijzd × · · · × e2πijz2n
is a Laurent monomial in the variables z1, · · · , z2n .
3.4.5 Proposition
The cohomology H2i(S
Pn
Kn, M̂
2i
TR⊕
⊗ M̂2iTL⊕ ) has the following analytic development:
H2i(S
Pn
Kn, M̂
2i
TR⊕
⊗ M̂2iTL⊕ ) =
r
Σ
j=1
Σ
mj
(λ
1
2 (2i, j,mj)e
−2πijz)⊗(D) (λ
1
2 (2i, j,mj)e
2πijz)
where
EISL(2i, j,mj) =
r
Σ
j=1
Σ
mj
λ
1
2 (2i, j,mj)e
2πijz
(resp. EISR(2i, j,mj) =
r
Σ
j=1
Σ
mj
λ
1
2 (2i, j,mj)e
−2πijz )
is the (truncated) Fourier development of the equivalent of a normalized 2i-dimensional
left (resp. right) Eisenstein series of weight k = 2 restricted to the upper (resp. lower) half
space.
Proof :
1. First we recall that the Fourier development of a normalized Eisenstein series is:
Gk(y) ≃
∞
Σ
n=1
σk−1(n) q
n
with y ∈ C , q = e2πiy , σk−1(n) = Σ
d|n
dk−1 and k the weight.
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2. Referring to the development of the cohomology H2i(S
Pn
Kn,M
2i
TR
⊗M2iTL) according to
the sum over the products of equivalent representatives g
(2i)
TR×L
[j,mj ] = g
(2i)
TR
[j,mj ] ×
g
(2i)
TL
[j,mj ] = T
2i
R [j,mj ]×T
2i
L [j,mj ] of the complete bilinear semigroup G
(2i)(F Tω ×F
+
ω )
such that an i-dimensional left (resp. right) complex semitorus has the analytic
development:
T 2iL [j,mj ] ≃ λ
1
2 (2i, j,mj)e
2πijz
(resp. T 2iR [j,mj ] ≃ λ
1
2 (2i, j,mj)e
−2πijz ),
we get the searched analytic decomposition of the cohomology in terms of the prod-
uct EISR(2i, j,mj) × EISL(2i, j,mj) of the (truncated) Fourier development of the
equivalent of a normalized 2i-dimensional right Eisenstein series of weight two by its
left equivalent.
Remark that the sum σk−1(n) = Σ
d|n
dk−1 in Gk(y) corresponds in the 2i-dimen-
sional envisaged case to the sum Σ
mj
over the equivalent representatives mj of the
classes j .
3.4.6 Proposition
The analytic development EISR(2i, j,mj) ⊗ EISL(2i, j,mj) of the bilinear cohomology
H2i(S
Pn
Kn, M̂
2i
TR
⊗ M̂2iTL) is an eigenbifunction of the product of Hecke operators TR(i; r) ⊗
TL(i; r) whose j-th bicoset representative is
UjR × UjL = t
t
i(OFωj,mj
)× ti(OFωj,mj
) .
Proof : the cohomology H2i(S
Pn
Kn,M
2i
TR
⊗M2iTL) having coefficients in the GLi(F
T
ω × F
T
ω )-
bisemimodule M2iTR ⊗M
2i
TL
is in one-to-one correspondence with the functional representa-
tion space FRepsp(GLi(F
T
ω ×F
T
ω )) of the general bilinear semigroup GLi(F
T
ω ×F
T
ω ) . Now,
GLi(F
T
ω × F
T
ω ) is a solvable bilinear semigroup such that we have a chain of embedded
subsemigroups:
GLi(F
T
ω1 × F
T
ω1) ⊂ GLi(F
T
ω1+2 × F
T
ω1+2) ⊂ · · ·
⊂ GLi(F
T
ω1+···+j
× F Tω1+···+j)
⊂ GLi(F
T
ω1+···+j+···+r
× F Tω1+···+j+···+r)
corresponding to the sums of the bicosets of the quotient semigroup
XSR×L = GLi(F
T
R × F
T
L )
/
GLi((Z
/
N Z )2) = G(2i)(F Tω × F
T
ω ) .
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The conjugacy class representative g
(2i)
TR×L
[j,mj ] of G
(2i)(F Tω × F
T
ω ) is obtained throughout
the action of the j-th bicoset representative UjR × UjL of the product of Hecke operators
TR(i; r)⊗TL(i; r) according to proposition 2.2.5 since the Hecke bialgebra HR×L(i) , gener-
ated by all the pseudo-ramified Hecke bioperators, has a representation in GLi((Z
/
N Z )2) .
According to propositions 3.4.1 and 3.4.5, 3.3.10 and 2.1.4, we have that:
FRepsp(GLi(F
T
ω × F
T
ω )) = G
(2i)(F Tω⊕ × F
T
ω⊕) = EISR(2i, j,mj)⊗ EISL(2i, j,mj)
for the upper value of j = r ≤ ∞ .
So, considering the quotient semigroup XSR×L = GLn(F
T
R × F
T
L )
/
GLn((Z
/
N Z )2) is
equivalent to take into account the action of the Hecke bioperator TR(n; r) ⊗ TL(n; r)
on Repsp(GLn(F
T
R × F
T
L )) . It then results that EISR(2n, j,mj) ⊗ EISL(2n, j,mj) is an
eigenbifunction of TR(n; r)⊗ TL(n; r) .
On the other hand, it is well-known that the Eisenstein series are eigenfunctions of the
Hecke operators.
But, for more details on the algebraic spectral representations, see [Pie2] and [Clo].
3.4.7 Corollary
The truncated (bi)series EISR×L(2i, j,mj) = EISR(2i, j,mj)⊗ EISL(2i, j,mj) is:
1. a truncated supercuspidal (bi)form over C i ;
2. a solvable power (bi)series.
Proof :
1. As EISL(2i, j,mj) (resp. EISR(2i, j,mj) ) constitutes the i-dimensional equivalent
representative of the one-dimensional complex truncated Fourier development of
a normalized Eisenstein series of weight two, which is a (quasi-) modular form,
EISL(2i, j,mj) (resp. EISR(2i, j,mj) ) is a truncated (super)cuspidal form over C
i .
2. As the general bilinear semigroup GLi(F
T
ω × F
T
ω ) is solvable and as we have that:
FRepsp(GLi(F
T
ω⊕ × F
T
ω⊕)) = EISR×L(2i, j,mj) , F
T
ω⊕ = ⊕
j
⊕
mj
F Tωj,mj
,
according to propositions 3.4.6 and 2.1.4, the “Eisenstein” biseries EISR×L(2i, j,mj)
will be said solvable.
We thus have a chain of embedded (truncated) biseries:
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EISR×L(2i, j
up = 1, mj) ⊂ · · · ⊂ EISR×L(2i, j
up = j,mj)
⊂ · · · ⊂ EISR×L(2i, j
up = r,mj)
where jup is the upper value of the integer “ j ” labeling the conjugacy classes.
This implies the injective mapping:
Ejup : EISR×L(2i, j
up = j,mj) −−−→ EISR×L(2i, j
up = j + 1, mj)
between two (truncated) biseries such that EISR×L(2i, j
up = j,mj) is an eigenbifunc-
tion of the Hecke bioperator TR(i; j) ⊗ TL(i; j) while EISR×L(2i, jup = j + 1, mj) is
an eigenbifunction of TR(i; j + 1)⊗ TL(i; j + 1) .
3.4.8 Proposition
The cohomology H2i(S
Z [Pn]
Z [Kn], M̂
2i
TR⊕
(D)⊗M̂2iTL⊕
(D)) of the compactified diagonal bisemispace
S
Z [Pn]
Z [Kn] has the analytic development:
H2i(S
Z [Pn]
Z [Kn], M̂
2i
TR⊕
(D)⊗ M̂2iTL⊕ (D)) =
r
Σ
j=1
(λ
1
2 (2i, j, 1) e−2πijz)⊗ (λ
1
2 (2i, j, 1) e2πijz)
where
EISL(2i, j, 0) =
r
Σ
j=1
λ
1
2 (2i, j, 0) e2πijz
(resp. EISR(2i, j, 0) =
r
Σ
j=1
λ
1
2 (2i, j, 0) e−2πijz )
is a solvable 2i-dimensional left (resp. right) cusp form of weight k = 2 .
Proof : this is a particular case of proposition 3.4.5 where the number of equivalent rep-
resentatives of the left and right conjugacy classes is restricted to one.
3.4.9 Bialgebra of cusp forms L1−1cusp(G
(2n)(F T
ω
× F T
ω
))
Let L1−1R×L(G
(2n)(Fω × Fω)) be the bialgebra of complex-valued smooth continuous bifunc-
tions φ
(2n)
GjR
(xgjR )⊗φ
(2n)
GjL
(xgjL ) on the pseudo-ramified bilinear semigroup G
(2n)(Fω×Fω) as
developed in section 2.5.
Let
γCR×L : G
(2n)(F˜ω × F˜ω) −−−→ G
(2n)(F Tω × F
T
ω )
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be the projective toroidal isomorphism of compactification of G(2n)(F˜ω× F˜ω) mapping each
conjugacy class representative g˜
(2n)
R×L[j,mj ] of G
(2n)(F˜ω × F˜ω) into its toroidal equivalent
g
(2n)
TR×L
[j,mj ] according to proposition 3.3.3.
It is evident that γCR×L generates L
1−1
cusp(G
(2n)(F Tω × F
T
ω )) in such a way that the bialgebra
of smooth continuous bifunctions φ
(2n)
GTjR
(xgTjR
)⊗ φ(2n)
GTjL
(xgTjL
) on the pseudo-ramified toroidal
bilinear semigroup G(2n)(F Tω × F
T
ω ) is the bialgebra of cusp forms L
1−1
cusp(G
(2n)(F Tω × F
T
ω )) .
On the other hand, the projective toroidal isomorphism maps each bifunction φ
(2n)
GjR
(xgjR )⊗
φ
(2n)
GjL
(xgjL ) ∈ L
1−1
R×L(G
(2n)(Fω × Fω)) on the conjugacy class representative g
(2n)
R×L[j,mj ] ∈
G(2n)(Fω×Fω) into its toroidal equivalent φ
(2n)
GTjR
(xgTjR
)⊗φ(2n)
GTjL
(xgTjL
) ∈ L1−1cusp(G
(2n)(F Tω ×F
T
ω ))
on the conjugacy class representative g
(2n)
TR×L
[j,mj ] ∈ G(2n)(F Tω × F
T
ω ) in such a way that:
1. φ
(2n)
GTjR
(xgTjR
)⊗D φ
(2n)
GTjL
(xgTjL
) = T 2nR [j,mj ]⊗D T
2n
L [j,mj ]
= λ
1
2 (2n, j,mj) e
−2πijz ⊗D λ
1
2 (2n, j,mj) e
2πijz
according to proposition 3.4.4.
2. φ
(2n)
GTR
(xgTR)⊗D φ
(2n)
GTL
(xgTL ) =
r
⊕
j=1
⊕
mj
(φ
(2n)
GTjR
(xgTjR
)⊗D φ
(2n)
GTjL
(xgTjL
))
=
r
⊕
j=1
⊕
mj
(λ
1
2 (2n, j,mj) e
−2πijz ⊗D λ
1
2 (2n, j,mj) e
2πijz
= EISR(2n, j,mj)⊗(D) EISL(2n, j,mj)
is the (truncated) supercuspidal biform on the pseudo-ramified toroidal bilinear semi-
group G(2n)(F Tω × F
T
ω ) given by the product, right by left, of the equivalent of 2n-
dimensional Eisenstein series.
3.4.10 Proposition
Let RG(2n)(FTω ×FTω )(φ
(2n)
GTR
⊗ φ(2n)
GTL
) denote the integral operator on cusp biforms (φ
(2n)
GTR
⊗φ(2n)
GTL
)
over the pseudo-ramified toroidal bilinear semigroup G(2n)(F Tω × F
T
ω ) .
Then, the trace formula of this integral operator is given by:
tr(RG(2n)(FTω ×FTω )(φ
(2n)
GTR
⊗ φ(2n)
GTL
) = vol(G(2n)(F Tω × F
T
ω )) Σ
j
Σ
mj
λ(2n, j,mj)
where λ(2n, j,mj) =
2n
Π
d=1
λd(2n, j,mj) is the product of the eigenvalues λd(n, j,mj) of the
j-th coset representative of the product, right by left, of Hecke operators.
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Proof : Indeed, according to section 2.5.18, the trace of this integral operator can be
developed as follows:
tr(RG(2n)(FTω ×FTω )(φ
(2n)
GTR
⊗ φ(2n)
GTL
)
= ⊕
j,mj
vol(G(2n)(F Tω × F
T
ω ))
∫
G(2n)
(φ
(2n)
GTjR
(xgTjR
)⊗D φ
(2n)
GTjL
(xgTjL
) dxgTjR
dxgTjL
= ⊕
j,mj
vol(G(2n)(F Tω × F
T
ω ))
∫
G(2n)
λ
1
2 (2n, j,mj) e
−2πijz ⊗D λ
1
2 (2n, j,mj) e
2πijz dxgTjR
dxgTjL
≃ vol(G(2n)(F Tω × F
T
ω ))(EISR(2n, j,mj),EISL(2n, j,mj))
= vol(G(2n)(F Tω × F
T
ω )) Σ
j,mj
λ(2n, j,mj)
where (EISR(2n, j,mj),EISL(2n, j,mj)) is a bilinear form from Irr cusp(GLn(F
T
ω ×F
T
ω )) =
EISR×L(2n, j,mj) to IC .
3.4.11 Proposition
Let L1−1R×L(P
(2n)(Fω1 × Fω1)) be the bialgebra of complex-valued bifunctions on the bilin-
ear parabolic semigroup P (2n)(Fω1 × Fω1) and let L
1−1
R×L(P
(2n)(F T
ω1
× F Tω1)) be its toroidal
equivalent obtained by the projective toroidal isomorphism γCR×L .
Let RP (2n)(FT
ω1
×FT
ω1
)(φ
(2n)
PTR
⊗ φ(2n)
PTL
) denote the integral operator on bifunctions ∈
L1−1R×L(P
(2n)(F T
ω1
× F Tω1)) .
Then, the trace formula of this integral operator is given by:
tr(RP (2n)(FT
ω1
×FT
ω1
)(φ
(2n)
PTR
⊗ φ(2n)
PTL
))
= vol(P (2n)(F Tω1 × F
T
ω1) Σ
j
Σ
mj
∫
χTj,mjR×L
dxpjR dxjL
= vol(P (2n)(F Tω1 × F
T
ω1)) Σ
j
Σ
mj
λI(2n, j,mj)
where
• χTj,mjR×L : xpjR×xpjL → φ
(2n)
PTjR
(xpjR )⊗Dφ
(2n)
PTjL
(xpjL ) is a (bi)character on the irreducible
equivalence class representative P (2n)(F T
ω1j,mj
× F T
ω1j,mj
) ;
• λI(2n, j,mj) is the “unitary” Hecke character restricted to P (2n)(F Tω1j,mj
× F T
ω1j,mj
) .
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Proof : This formula corresponds to the trace formula of proposition 2.5.13 submitted to
the toroidal projective isomorphism γCR×L .
3.4.12 Proposition
Let
tr(RG(2n)(FTω ×FTω )))(φ
(2n)
GTR
⊗ φ(2n)
GTL
)
= vol(G(2n)(F Tω × F
T
ω ) Σ
j
Σ
mj
λ(2n, j,mj)
be the trace of the integral operator on cusp biforms (φ
(2n)
GTR
⊗φ(2n)
GTL
) over the pseudo-ramified
toroidal bilinear semigroup G(2n)(F Tω × F
T
ω ) and let
tr(RP (2n)(FT
ω1
×FT
ω1
)(φ
(2n)
PTR
⊗ φ(2n)
PTL
)
= vol(P (2n)(F Tω1 × F
T
ω1) Σ
j
Σ
mj
∫
χj,mjR×L dxpjR dxpjL
be the trace of the integral operator on bifunctions over the bilinear parabolic semigroup
P (2n)(F T
ω1
× F Tω1) .
Then, the trace of the integral operator on pseudo-unramified cusp biforms (φ
(2n)
GT,nrR
⊗φ(2n)
GT,nrL
)
over the pseudo-unramified toroidal bilinear semigroup G(2n)(F T,nrω⊕ × F
T,nr
ω⊕
) is given by:
tr(RG(2n)(FT,nrω ×F
T,nr
ω )
))(φ
(2n)
GT,nrR
⊗ φ(2n)
GT,nrL
)
=
(
vol(G(2n)(F Tω × F
T
ω )
/
vol(P (2n)(F Tω1 × F
T
ω1)
)
Σ
j
Σ
mj
λ(2n, j,mj)
/
λI(2n, j,mj) .
Sketch of proof: This results from the action by convolution of the unitary opera-
tor R(P (2n)(F T
ω1
× F Tω1)) on the bifunctions of the pseudo-unramified bilinear semigroup
G(2n)(F T,nrω × F
T,nr
ω )) as developed in proposition 2.5.12 and, more precisely, from the
map:
G
(2n)
FT→FT,nr
: G(2n)(F Tω × F
T
ω )) −−−→ G
(2n)(F T,nrω × F
T,nr
ω )
whose kernel is Ker(G
(2n)
FT→FT,nr
) = P (2n)(F T,nr
ω1
× F T,nrω1 ) as developed in section 2.4.1.
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3.4.13 Proposition
Let
iGTR→L : L
1−1
cusp(G
(2n)(F Tω × F
T
ω )) −−−→ L
2
cusp(G
(2n)(F Tω × F
T
ω )) ,
φ
(2n)
GTjR
(xgTjR
)⊗ φ(2n)
GTjL
(xgTjL
) −−−→ φ
(2n)
GTjL
(xgTjL
)⊗ φ(2n)
GTjL
(xgTjL
) ,
be the involution map as introduced in section 2.5.4 and transforming the cusp biforms of
L1−1cusp(G
(2n)(F Tω ×F
T
ω )) into the cusp biform φ
(2n)
GTjL
(xgTjL
)⊗φ(2n)
GTjL
(xgTjL
) of L2cusp(G
(2n)(F Tω ×F
T
ω ))
localized in the upper half space.
Then, the trace formula
tr(RG(2n)(FTω ×FTω )(φ
(2n)
GTL
⊗ φ(2n)
GTL
))
of the integral operator on cusp biforms (φ
(2n)
GTL
⊗ φ(2n)
GTL
) leads to the Plancherel formula:
∫
G(2n)
∣∣∣φ(2n)
GTL
(xgTL )
∣∣∣2 dxgTL = Σj Σmj
∣∣∣∣φ̂(2n)GTjL,mjL
∣∣∣∣2
where
• φ̂(2n)
GTjL,mjL
= λ
1
2 (2n, j,mj) can be considered as a global Hecke character;
• the sum over j and mj runs over the conjugacy class representatives of the pseudo-
ramified algebraic semigroup G(2n)(F Tω × F
T
ω ) localized in the upper half space.
Proof : According to proposition 3.4.10, we have from the following trace formula:
tr(RG(2n)(FTω ×FTω )(φ
(2n)
GTL
⊗ φ(2n)
GTL
))
= ⊕
j,mj
vol(G(2n)(F Tω × F
T
ω )
∫
G(2n)
∣∣∣∣(φ(2n)GTjL (xgTjL )
∣∣∣∣2 dxgTjL
= ⊕
j,mj
vol(G(2n)(F Tω × F
T
ω )
∣∣∣λ 12 (2n, j,mj)∣∣∣2 ,
the equality
⊕
j,mj
∫
G(2n)
∣∣∣∣(φ(2n)GTjL (xgTjL )
∣∣∣∣2 dxgTjL = ⊕j,mj
∣∣∣λ 12 (2n, j,mj)∣∣∣2 .
If we take into account that
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1.
∫
G(2n)
∣∣∣(φ(2n)
GTL
(xgTL )
∣∣∣2 dxgTL = ⊕j,mj
∫
G(2n)
∣∣∣∣(φ(2n)GTjL (xgTjL )
∣∣∣∣2 dxgTjL expressing the develop-
ment of the integral of the square of the cusp biform φ
(2n)
GTL
(xgTL ) according to the
squares of the cusp subbiforms φ
(2n)
GTjL
(xgTjL
) on the conjugacy class representatives
g
(2n)
TL
[, mj ] of the pseudo-ramified bilinear semigroup G
(2n)(F Tω × F
T
ω ) ;
2. φ̂
(2n)
GTjL,mjL
=
∫
G(2n)
φ
(2n)
GTL
(xgTL ) e
−2πijz dxgTL
= λ
1
2 (2n, j,mj) ,
we get the searched Plancherel formula∫
G(2n)
∣∣∣(φ(2n)GTL (xgTL )
∣∣∣2 dxgTL = Σj Σmj
∣∣∣∣φ̂(2n)GTjL,mjL
∣∣∣∣2 .
We can then consider the following Langlands global correspondence.
3.4.14 Proposition
On the compactified lattice bisemispace
XSR×L = GLn(F
T
R × F
T
L ))
/
GLn((Z
/
N Z )2) ,
there exists the global Langlands correspondence:
Irr Rep
(2i)
WFR×L
(W abFR ×W
ab
FL
) −−−→ Irr cusp(GLi(F Tω × F
T
ω ))
‖ ‖
G(2i)(F˜ω⊕ × F˜ω⊕) −−−→ EISR×L(2i, j,mj)y≀ x
G(2i)(F Tω⊕ × F
T
ω⊕
) −−−→ Ĝ(2i)(F Tω × F
T
ω )
‖
H2i(S
Pn
Kn,M
2i
TR⊕
⊗M2iTL⊕ )
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• from the sum of the products, right by left, of the equivalence classes of the irreducible
2i-dimensional Frobenius semisimple Weil-Deligne representation Irr Rep
(2i)
WFR×L
(W abFR×
W abFL) of the bilinear global Weil group (W
ab
FR
×W abFL) given by the algebraic bilinear
semigroup G(2i)(F˜ω⊕ × F˜ω⊕))
• to the sum of the products, right by left, of the equivalence classes of the irre-
ducible cuspidal representation Irr cusp(GLi(F
T
ω × F
T
ω )) of GLi(F
T
ω × F
T
ω ) given by
2i-dimensional cusp biforms EISR×L(2i, j,mj) , in such a way that Irr cusp(GLi(F
T
ω ×
F Tω )) = Irr cusp(GLi(F
T
ω⊕
× F Tω⊕)) .
Proof : we start with Irr Rep
(2i)
WFR×L
(W abFR×W
ab
FL
) which was proved to be equal to the alge-
braic bilinear semigroup G(2i)(F˜ω⊕× F˜ω⊕) in proposition 3.3.10. Then, a toroidal compact-
ification maps G(2i)(F˜ω⊕ × F˜ω⊕) into its compactified toroidal equivalent G
(2i)(F Tω⊕ × F
T
ω⊕)
according to sections 3.3.2 to 3.3.3. The analytic development of the compactified bilinear
semigroup G(2i)(F Tω⊕×F
T
ω⊕
) is given by the product of the (truncated) Fourier development
of a normalized 2i-dimensional cusp form by its left equivalent: EISR×L(2i, j,mj) . So, we
get the searched bijection:
Irr Rep
(2i)
WFR×L
(W abFR ×W
ab
FL
) ≃ Irr cusp(GLi(F
T
ω × F
T
ω )) .
3.5 Langlands global correspondence on the boundary ∂X
(IR)
SR×L
of the irreducible compactified lattice bisemispace XSR×L
3.5.1 Definition: the boundary of the Borel-Serre compactification
Let γcR×L : XSR×L → XSR×L be the projective emergent isomorphism, as introduced in
proposition 3.3.2, which maps the lattice bisemispace XSR×L into its compactified toroidal
correspondent XSR×L such that XSR×L can be considered as the interior of XSR×L in the
context of the Borel-Serre compactification.
Then, the boundary ∂XSR×L of XSR×L will be defined as resulting from the inclusion
morphism:
γδR×L : XSR×L →֒∂XSR×L
sending XSR×L = GLn(F
T
R ×F
T
L )
/
GLn((Z
/
N Z )2) = GLn(F
T
ω ×F
T
ω ) to its real boundary
∂X
(IR)
SR×L
= GLn(F
+,T
R × F
+,T
L )
/
GLn((Z
/
N Z )2) = GLn(F
+,T
v × F
+,T
v ) , where F
+,T
v =
{F+,Tv1δ , · · · , F
+,T
vjδ,mjδ
, · · · , F+,Tvrδ } covers its complex equivalent F
T
ω .
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By this way, each complex diagonal conjugacy class representative g
(2n)
TL
[j,mj = 0] (resp.
g
(2n)
TR
[j,mj = 0] ) of XSR×L is covered by the set of mjδ real conjugacy class representatives
{g(n)TL [jδ, mjδ ]}mjδ (resp. {g
(n)
TR
[jδ, mjδ ]}mjδ ) of ∂X
(IR)
SR×L
.
The morphism γδR×L : XSR×L → ∂XSR×L is such that there is a one-to-one correspon-
dence between the left (resp. right) points P TaL[j,mj ]
(resp. P TaR[j,mj ]
) of ∂XSL (resp. ∂XSR )
and their “real” equivalents on ∂X
(IR)
SL
(resp. ∂X
(IR)
SR
).
3.5.2 Definition: the double coset decomposition of the equivalent of the
Shimura bisemivariety ∂S
Pn
Kn
The inclusion morphism γδR×L has for result that the double coset decomposition
S
Pn
Kn = Pn(F
T
ω1 × F
T
ω1) \GLn(F
T
R × F
T
L )
/
GLn((Z
/
N Z )2)
of GLn(F
T
R × F
T
L ) corresponding to XSR×L is transformed into the following double coset
decomposition
∂S
Pn
Kn = Pn(F
+,T
v1
× F+,Tv1 ) \GLn(F
+,T
R × F
+,T
L )
/
GLn((Z
/
N Z )2)
where Pn(F
+,T
v1 ) (resp. Pn(F
+,T
v1
) ) is the standard left (resp. right) parabolic subgroup
over the set of real irreducible completions F+,T
v1jδ,mjδ
(resp. F+,T
v1jδ,mjδ
) (see section 2.4.1).
∂S
Pn
Kn is the equivalent of a Shimura (bisemi)variety because [Del2], [Har1]:
• it is dependent on the morphism γδR×L sending a “complex” bisemivariety X
(IR)
SR×L
into
a “real” bisemivariety ∂X
(IR)
SR×L
;
• it is defined with respect to an open compact subgroup Pn(F
+,T
v1
× F+,Tv1 ) .
3.5.3 Proposition
Let M2iTvR
⊗M2iTvL be a (B
2i
vT
⊗B2ivT )-bisemimodule where B
2i
vT
⊗B2ivT ≃ Ti(F
+,T
v )
t×Ti(F+,Tv )
is a tensor product of division semialgebras and let M2iTvR⊕
⊗M2iTvL⊕
be a GLi(F
+,T
v⊕
×F+,Tv⊕ )-
bisemimodule where F+,Tv⊕ is given by
F+,Tv⊕ = ⊕
jδ
F+,Tvjδ
⊕
jδ,mjδ
F+,Tvjδ,mjδ
.
Then, the bilinear cohomology of the equivalent of the Shimura bisemivariety ∂S
Pn
Kn is the
Eisenstein cohomology:
H2i(∂S
Pn
Kn,M
2i
TvR⊕
⊗M2iTvL⊕
) = G(2i)(F+,Tv⊕ × F
+,T
v⊕
)
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in bijection with the 2i-dimensional real irreducible representation Irr Rep
(2i)
W
F+
R×L
(W ab
F+v
×
W ab
F+v
) of the product, right by left, of global Weil groups.
Proof :
• This proposition is a transposition of proposition 3.3.10 to H2i(∂S
Pn
Kn, ·) .
• The fact that H2i(∂S
Pn
Kn,M
2i
TvR⊕
⊗ M2iTvL⊕
) is the Eisenstein (bilinear) cohomology
results from the works of G. Harder and J. Shimura [Har2], [Sch].
• the global Weil groups W ab
F+v
and W ab
F+v
referring to finite real algebraic extensions
can be defined as they were introduced for complex algebraic extensions in definition
1.1.9.
Then, referring to proposition 3.3.10, we can state that:
IrrRep
(2i)
W
F+
R×L
(W ab
F+v
×W ab
F+v
) = G(2i)(F˜+v⊕ × F˜
+
v⊕
)
3.5.4 Proposition
The cohomology H2i(∂S
Pn
Kn,M
2i
TvR⊕
⊗M2iTvL⊕
) has a decomposition according to the equiv-
alent representatives g
(2i)
TR×L
[jδ, mjδ ] of the conjugacy classes of the real bilinear semigroup
G(2i)(F+,Tv × F
+,T
v ) according to:
H2i(∂S
Pn
Kn,M
2i
TvR⊕
⊗M2iTvL⊕
) = ⊕
jδ
⊕
mjδ
g
(i)
TR×L
[jδ, mjδ ] .
Proof : this is an adaptation of the real case of proposition 3.4.1 since
H2i(∂S
Pn
Kn,M
2i
TvR⊕
⊗M2iTvL⊕
) = G(2i)(F+,Tv × F
+,T
v ) .
3.5.5 Proposition
The Eisenstein cohomology H2i(∂S
Pn
Kn, M̂
2i
TvR⊕
⊗ M̂2iTvL⊕
) has a power series representation
given by the product of a right 2i-dimensional global elliptic semimodule ELLIPR(2i, jδ, mjδ)
by its left equivalent ELLIPL(2i, jδ, mjδ) according to:
H2i(∂S
Pn
Kn, M̂
2i
TvR⊕
⊗ M̂2iTvL⊕
) = ELLIPR(2i, jδ, mjδ)⊗(D) ELLIPL(2i, jδ, mjδ)
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where
ELLIPL(2i, jδ, mjδ) =
t
⊕
jδ=1
⊕
mjδ
λ
1
2 (i, jδ, mjδ)e
2πijδx ,
ELLIPR(2i, jδ, mjδ) =
t
⊕
jδ=1
⊕
mjδ
λ
1
2 (i, jδ, mjδ)e
−2πijδx ,
with
• ~x =
i
Σ
c=1
xc~ec a vector of (F
+
vjδ
)i and more precisely a point of G(i)(F+vjδ
) ≡ g(i)L [jδ, mjδ]
and x =
i
Σ
c=1
xc |~ec| ;
• λ(i, jδ, mjδ) =
i
Π
c=1
λc(i, jδ, mjδ) a product of eigenvalues λc(i, jδ, mjδ) of gi(OF+,Tvjδ,mjδ
×
OF+,Tvjδ,mjδ
) ∈ GLi((Z
/
N Z )2) .
Proof : since g
(i)
TL
[jδ, mjδ ] (resp. g
(i)
TR
[jδ, mjδ ] ) is a i-dimensional left (resp. right) real
semitorus, it has the following analytical development:
T iL[jδ, mjδ ] = λ
1
2 (i, jδ, mjδ)e
2πijδx
(resp. T iR[jδ, mjδ ] = λ
1
2 (i, jδ, mjδ)e
−2πijδx )
where
λ(i, jδ, mjδ) =
i
Π
c=1
λc(i, jδ, mjδ) = det(αi2;(jδ)2 ×D(jδ)2;m2jδ
)ss ≃ j2i · (N)2i
is a global Hecke character since the λc(i, jδ, mjδ) are eigenvalues of gi(OF+,Tvjδ,mjδ
×OF+,Tvjδ ,mjδ
)
which is the jδ-th coset representative of the product of Hecke operators (see propositions
3.4.4 and 3.4.5).
λ
1
2 (i, jδ, mjδ) has an inflation action on e
2πijδx leading to the existence of a global elliptic
semimodule ELLIP(, , ) .
On the other hand, g
(i)
TL
[jδ, mjδ ] (resp. g
(i)
TR
[jδ, mjδ ] ) is defined on the real left (resp. right)
place vjδ (resp. vjδ ) implying the global Frobenius substitution:
e2πix −−−→ e2πijδx
(resp. e−2πix −−−→ e−2πijδx ).
Note that these 2i-dimensional left and right global elliptic semimodules ELLIPL(2i, jδ, mjδ)
and ELLIPR(2i, jδ, mjδ) are the 2i-dimensional equivalents of the 2-dimensional global el-
liptic semimodules introduced in [Pie3] (see also [Ande]).
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3.5.6 Characters and extended bicharacters
The functions xc → e2πijδxc from the real line, i.e. the irreducible central real completion
F+
v11δ
, to the complex numbers of modulus one, are characters if they satisfy the identity
χ(xcyc) = χ(xc) ·χ(yc) . In the bilinear context considered here, the characters are replaced
by extended bicharacters defined as follows:
If x+c ·x
−
c ≡ −(xc)
2 denote a bipoint of the real irreducible completion F+
v11δ
×F+
v11δ
, i.e. the
product of a point x−c ≡ xc by its symmetrical x
+
c ≡ −xc , xc ∈ F
+
v11δ
, then an extended
bicharacter χ+(x
+
c ) · χ−(x
−
c ) is a continuous bifunction
χ+ · χ− : x
+
c · x
−
c
−−−→ λ
1
2 (1, jδ, mjδ) · e
−2πijδxc × λ
1
2 (1, jδ, mjδ) · e
2πijδxc = λ(1, jδ, mjδ)
from F+
v11δ
×F+
v11δ
to the product of the complex numbers λ
1
2 (1, jδ, mjδ) · e
2πijδxc of modulus
6= 1 by their complex conjugates where λ(1, jδ, mjδ) is generally an eigenvalue of a product
UjδR × UjδL of Hecke operators.
3.5.7 Proposition
The 2i-dimensional global elliptic bisemimodule ELLIPR(2i, jδ, mjδ)⊗(D)ELLIPL(2i, jδ, mjδ)
is:
1. a solvable power biseries, constituting an irreducible (super)cuspidal representation
of the (truncated) (super)cuspidal biform EISR×L(n, j,mj = 0) ;
2. an eigenbifunction of the Hecke bioperator TR(2i; t)⊗ TL(2i; t) .
Proof :
1. The fact that ELLIPR(2i, jδ, mjδ) ⊗ ELLIPL(2i, jδ, mjδ) is a solvable power biseries
results from:
Repsp(GLi(F
+,T
v⊕
× F+,Tv⊕ )) = ELLIPR×L(2i, jδ, mjδ)
where ELLIPR×L ≡ ELLIPR⊗ELLIPL (see proposition 3.4.7).
ELLIPR(2i, jδ, mjδ)⊗ELLIPL(2i, jδ, mjδ) is an irreducible supercuspidal representa-
tion of EISR×L(2i, j,mj = 0) due to the morphism γ
δ
R×L : XSR×L → ∂XSR×L related
to the generation of the boundary of the Borel-Serre compactification according to
definition 3.5.1.
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2. The proof that ELLIPR×L(2i, jδ, mjδ) is an eigenbifunction of the Hecke bioperator
TR(2i; t)⊗ TL(2i; t) can be handled as in proposition 3.4.6.
Let us yet note that the jδ-th bicoset representative of TR(2i; jδ)⊗TL(2i; jδ) is given,
with evident notations, by :
UjδR × UjδL = t
t
i(OF+,Tvjδ,mjδ
)× ti(OF+,Tvjδ,mjδ
) .
3.5.8 Bialgebra of elliptic semimodules L1−1ELLIP(G
(2i)(F+,Tv × F
+,T
v
))
As in section 3.4.9, we can introduce a bialgebra L1−1ELLIP(G
(2i)(F+,Tv × F
+,T
v )) of complex-
valued smooth continuous bifunctions φ
(i)
GT
jδ
R
(xgT
jδ
R
) ⊗ φ(i)
GT
jδ
L
(xgT
jδ
L
) on the pseudo-ramified
toroidal bilinear semigroup G(2i)(F+,Tv × F
+,T
v ) from the corresponding bialgebra
L1−1R×L(G
(2i)(F+v × F
+
v )) of smooth continuous bifunctions on the pseudo-ramified bilinear
semigroup G(2i)(F+v × F
+
v ) under the action of a projective toroidal isomorphism.
Then, each bifunction on the conjugacy class representative g
(i)
TR×L
[jδ, mjδ ] ∈ G
(i)(F+,Tv ×
F+,Tv ) is given, according to proposition 3.4.5, by
φ
(i)
GT
jδ
R
(xgT
jδ
R
)⊗D φ
(i)
GT
jδ
L
(xgT
jδ
L
) = T iR[jδ, mjδ ]⊗D T
i
L[j
δ, mjδ ]
= λ
1
2 (i, jδ, mjδ) e
−2πijδx ⊗(D) λ
1
2 (i, jδ, mjδ) e
2πijδx
and the sum of all bifunctions on the conjugacy class representatives of G(2i)(F+,Tv ×F
+,T
v ) :
φ
(2i)
GTδR
(xgTR)⊗D φ
(2i)
GTδL
(xgTL ) =
t
⊕
jδ=1
⊕
mjδ
(
φ
(i)
GT
jδ
R
(xgT
jδ
R
)⊗D φ
(i)
GT
jδ
L
(xgT
jδ
L
)
)
= ⊕
jδ
⊕
mjδ
(λ
1
2 (i, jδ, mjδ) e
−2πijδx ⊗(D) λ
1
2 (i, jδ, mjδ) e
2πijδx)
= ELLIPR(2i, jδ, mjδ)⊗(D) ELLIPL(2i, jδ, mjδ)
is the (diagonal) product of a right 2i-dimensional global elliptic semimodule
ELLIPR(2i, jδ, mjδ) by its left equivalent ELLIPL(2i, jδ, mjδ) .
3.5.9 Proposition
Let RG(2i)(F+,Tv ×F
+,T
v )
(φ
(2i)
GTδR
⊗φ(2i)
GTδL
) be the integral operator on elliptic bisemimodules (φ
(2i)
GTδR
⊗
φ
(2i)
GTδL
) over the pseudo-ramified toroidal bilinear real semigroup G(2i)(F+,Tv⊕ × F
+,T
v⊕ ) .
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Then, the trace formula of this integral operator is given by:
tr(RG(2i)(F+,Tv ×F
+,T
v )
(φ
(2i)
GTδR
⊗ φ(2i)
GTδL
)
= vol(G(2i)(F+,Tv × F
+,T
v )) Σ
jδ
Σ
m
jδ
λ(i, jδ, mjδ) .
Sketch of proof: This is an adaptation of the trace formula tr(RG(2i)(FTω ×FTω )(φ
(2i)
GTR
⊗φ(2i)
GTL
)
developed in proposition 3.4.10 to the real case.
3.5.10 Proposition
On the boundary ∂X
(IR)
SR×L
= GLi(F
+,T
R ×F
+,T
L )
/
GLi((Z
/
N Z )2) of the compactified lattice
bisemispace XSR×L , there exists the Langlands global correspondence:
Irr Rep
(2i)
W+FR×L
(W ab
F+v
×W ab
F+v
) −−−→ Irr ELLIP(GLi(F
+,T
v × F
+,T
v ))
‖ ‖
G(2i)(F˜+v⊕ × F˜
+
v⊕
) −−−→ ELLIPR×L(2i, jδ, mjδ)y x
G(2i)(F+,Tv⊕ × F
+,T
v⊕
) −−−→ Ĝ(2i)(F
+,T
v × F
+,T
v )
‖
H2i(∂S
Pn
Kn,M
2i
TvR⊕
⊗M2iTvL⊕
)
• from the sum of products, right by left, of the equivalence classes of the irreducible 2i-
dimensional Frobenius semisimple Weil-Deligne representation Irr Rep
(2i)
W+FR×L
(W ab
F+v
×
W ab
F+v
) of the bilinear global Weil group (W ab
F+v
×W ab
F+v
) given by the algebraic bilinear
real semigroup G(2i)(F˜+v⊕ × F˜
+
v⊕
))
• to the sum of the products, right by left, of the equivalence classes of the irreducible
elliptic representationIrrELLIP(GLi(F
+,T
v ×F
+,T
v )) of GLi(F
+,T
v ×F
+,T
v ) given by the
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2i-dimensional solvable global elliptic bisemimodule ELLIPR×L(2i, jδ, mjδ) in such a
way that Irr ELLIP(GLi(F
+,T
v × F
+,T
v )) = ELLIPR×L(2i, jδ, mjδ) .
3.5.11. The n-dimensional irreducible global Langlands correspondences can be
summarized in the following diagram:
IrrRep
(2n)
WFR×L
(W abFR ×W
ab
FL
)) −−−→ Irr cusp(GLn(F Tω × F
T
ω ))y y
IrrRep
(2n)
W
F+
R×L
(W ab
F+v
×W ab
F+v
)) −−−→ Irr ELLIP(GLn(F
+,T
v × F
+,T
v ))
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4 Langlands global correspondences for reducible
representations of GL((2)n)
4.1 Reducibility of GL(2)n(Fω × Fω)
4.1.1 Definition: Partial reducibility of GLn(Fω × Fω)
Another way of constructing admissible representations of the general bilinear semigroup
GLn(Fω×Fω) is to consider a partition n = n1+n2+· · ·+nℓ+· · ·+ns of the integer n , nℓ ∈
N , nℓ < n ∈ N , leading to the representations Rep(GLnℓ(Fω×Fω)) of GLnℓ(Fω×Fω) , for
1 ≤ ℓ ≤ s , in such a way that Rep(GLnℓ(Fω×Fω)) constitutes an irreducible representation
of GLnℓ(Fω × Fω) .
The tensor product
Rep(GLn1(Fω × Fω))⊗ · · · ⊗ Rep(GLnℓ(Fω × Fω))⊗ · · · ⊗ Rep(GLns(Fω × Fω))
may not be irreducible but it has an irreducible quotient given by the formal sum:
Rep(GLn=n1+···+ns(Fω × Fω))
= Rep(GLn1(Fω × Fω))⊞ · · ·
⊞ Rep(GLnℓ(Fω × Fω))⊞ · · ·⊞ Rep(GLns(Fω × Fω))
which constitutes a partially reducible representation of GLn(Fω × Fω) .
4.1.2 Definition: complete reducibility of Rep(GL2n(Fω × Fω))
If the partition 2n = 21 + 22 + · · ·+ 2ℓ + · · ·+ 2n of 2n , 2ℓ = |2| , is considered, then the
tensor product
Rep(GL21(Fω × Fω))⊗ · · · ⊗ Rep(GL2n(Fω × Fω))
of representations of GL2ℓ(Fω ×Fω) , 1 ≤ ℓ ≤ n , must be taken into account. This tensor
product has an irreducible quotient given by the formal sum:
Rep(GL2n=21+···+2ℓ+···+2n(Fω × Fω))
= Rep(GL21(Fω × Fω))⊞ · · ·
⊞ Rep(GL2ℓ(Fω × Fω))⊞ · · ·⊞ Rep(GL2n(Fω × Fω))
which constitutes a completely reducible representation of GL2n(Fω × Fω)) decomposing
into the direct sum of irreducible representations Rep(GL2ℓ(Fω × Fω)) , 1 ≤ ℓ ≤ n .
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4.1.3 Proposition
Let 2nL = 21L + 22L + · · · + 2kL + · · · + 2ℓL + · · · + 2nL (resp. 2nR = 21R + 22R + · · · +
2kR + · · · + 2ℓR + · · · + 2nR ) be a partition of 2nL (resp. 2nR ) labeling the irreducible
representations of T2nL(Fω) (resp. T
t
2nR
(Fω) ). Then:
1. Rep(GL2n=21+···+2ℓ+···+2n(Fω×Fω)) =
n
⊞
ℓ=1
Rep(GL2ℓ(Fω×Fω)) constitutes a completely
reducible orthogonal bilinear representation of GL2n(Fω × Fω) .
2. Rep(GL2nR×L(Fω × Fω)) =
2n
⊞
2ℓR≡2ℓL=2
Rep(GL2ℓR×L (Fω × Fω)) ⊞2kR 6=2ℓL
Rep(T t2kR
(Fω)×T2ℓL (Fω)) , where GL2ℓR×L is another notation for GL2ℓ , constitutes
a completely reducible nonorthogonal bilinear representation of GL2n(Fω × Fω)) .
Proof : if we consider the decomposition of GL2n(Fω × Fω) into a product of trigonal
semigroups according to:
GL2n(Fω × Fω) = T
t
2nR
(Fω)× T2nL(Fω)
and the partitions of 2nL and 2nR as envisaged in this proposition, we have that:
Rep(GL2nR×L(Fω × Fω))
=
(
2n
⊞
2ℓR=2
Rep(T t2ℓR
(Fω))
)
⊗
(
2n
⊞
2ℓL=2
Rep(T2ℓL (Fω))
)
=
2n
⊞
2ℓR≡2ℓL=2
Rep(GL2ℓ(Fω × Fω)) ⊞
2kR 6=2ℓL
Rep(T t2kR
(Fω)× T2ℓL (Fω))
where GL2ℓ(Fω × Fω) = T
t
2ℓR
(Fω)× T2ℓL (Fω) .
Rep(GL2nR×L(Fω × Fω)) then decomposes diagonally according to the direct sum of irre-
ducible representations
Rep(GL2ℓ(Fω × Fω)) leading to a completely reducible orthogonal bilinear representation
of Rep(GL2n(Fω × Fω)) if ⊞
2kR 6=2ℓL
Rep(T t2kR
(Fω)× T2ℓL (Fω)) = 0 .
4.1.4 Corollary
1. The representation of the general bilinear semigroup GLn(Fω × Fω) is partially
reducible if it decomposes according to the direct sum of irreducible bilinear repre-
sentations Rep(GLnℓ(Fω × Fω)) .
2. The representation of the general bilinear semigroup GL2n(Fω×Fω) is orthogonally
completely reducible if it decomposes diagonally according to the direct sum of
irreducible bilinear representations Rep(GL2ℓ(Fω × Fω)) .
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3. The representation of the general bilinear semigroup GL2n(Fω×Fω)) is nonorthogo-
nally completely reducible if it decomposes diagonally according to the direct sum
of irreducible bilinear representations Rep(GL2ℓ(Fω×Fω)) and off diagonally accord-
ing to the direct sum of irreducible bilinear representations Rep(T t2kR
(Fω)×T2ℓL (Fω)) .
4.1.5 Lemma
Let X2n
SR×L
= GLn(F˜R×F˜L))
/
GLn((Z
/
N Z )2) denote the lattice bisemispace as introduced
in definition 2.3.1, and let
X2n=2n1+···+2ns
SR×L
= GLn=n1+···+ns(F˜R × F˜L)
/
GLn=n1+···+ns((Z
/
N Z )2)
= Repsp(GLn=n1+···+ns(F˜ω × F˜ω)
be the partially reducible lattice bisemispace.
Then, we have that the bilinear cohomology of X2n=2n1+···+2ns
SR×L
decomposes according to:
H∗(X2n=2n1+···+2ns
SR×L
) =
2ns
⊕
2nℓ=2n1
H2nℓ(X2n
SR×L
, M˜2nℓR ⊗ M˜
2nℓ
L )
where M˜2nℓL (resp. M˜
2nℓ
R ) ) is the left (resp. right) Tnℓ(F˜ω)-subsemimodule M
2nℓ
L (resp.
T tnℓ(F˜ω)-subsemimodule M
2nℓ
R ) of complex dimension nℓ .
Proof : this results from the partial reducibility of X2n=2n1+···+2ns
SR×L
and from the equality:
H2nℓ(X2n
SR×L
, M˜2nℓR ⊗ M˜
2nℓ
L ) = Repsp(GLnℓ(F˜ω × F˜ω))
if we refer to section 3.2.
4.1.6 Proposition
Let
X2n=21+···+2n
SR×L
= GL2n=21+···+2n(F˜ω × F˜ω)
/
GL2n=21+···+2n((Z
/
N Z )2)
be the orthogonal completely reducible lattice bisemispace and let X2nR×2nL
SR×L
be its nonorthog-
onal correspondent. Then, we have the following decompositions of the bilinear cohomolo-
gies:
a) H2n(X2n
SR×L
, M˜2nR ⊗ M˜
2n
L ) = ⊕
2ℓ
H2(X2n
SR×L
, M˜
2ℓR
R ⊗ M˜
2ℓL
L ) ;
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b) H2n(X2nR×L
SR×L
, M˜2nRR ⊗ M˜
2nL
L ) = ⊕
2ℓ
H2(X
2nR×L
SR×L
, M˜
2ℓR
R ⊗ M˜
2ℓL
L )
⊕
2kR ,2ℓL
H2(X
2kR−ℓL
SR×L
, M˜
2kR
R ⊗ M˜
2ℓL
L )
where
• M˜2nR ⊗ M˜
2n
L = ⊕
2ℓR=2ℓL
(M˜
2ℓR
R ⊗ M˜
2ℓL
L ) is the completely reducible orthogonal
GL2n=21+···+2n(F˜ω × F˜ω)-bisemimodule M˜
2n
R ⊗ M˜
2n
L ;
• M˜2nRR ⊗ 2˜M
nL
L = ⊕
2ℓR=2ℓL
(M˜
2ℓR
R ⊗M˜
2ℓL
L ) ⊕
2kR 6=2ℓL
(M˜
2kR
R ⊗M˜
2ℓL
L ) is the completely
reducible nonorthogonal GL2nR×L(F˜ω × F˜ω)-bisemimodule M˜
2nR
R ⊗ M˜
2nL
L .
4.1.7 Proposition
Let CY2nℓ(XR) (resp. CY
2nℓ(XL) ) be an algebraic semicycle of complex codimension nℓ
over a right (resp. left) semischeme XR (resp. XL ) isomorphic to the pseudo-ramified
lattice semispace X2nSR (resp. X
2n
SL
).
Let
CY2nℓ(XR)× CY
2nℓ(XL) = ⊕
j
⊕
mj
(CY2nℓ(XR[j,mj ])× CY
2nℓ(XL[j,mj ]))
≃ Repsp(GLnℓ(F˜ω⊕ × F˜ω⊕))
be the product, right by left, of these algebraic semicycles decomposed according to their con-
jugacy classes (see section 1.3) in such a way that CY2nℓ(XR)×CY
2nℓ(XL) is isomorphic
to an algebraic bilinear subsemigroup G(2nℓ)(F˜ω⊕ × F˜ω⊕) .
Then, we have the following decompositions of the bilinear cohomologies:
• H∗(X2n=2n1+···+2ns
SR×L
, M˜2nR⊕ ⊗ M˜
2n
L⊕
) =
2ns
⊕
2nℓ=n1
H2nℓ(X2n
SR×L
, M˜2nℓR⊕ ⊗ M˜
2nℓ
L⊕
)
≃ ⊕
nℓ
⊕
j
⊕
mj
(CY2nℓ(XR[j,mj ])× CY
2nℓ(XL[j,mj ]))
• H2n(X2n
SR×L
, M˜2nR⊕ ⊗ M˜
2n
L⊕
) = ⊕
2ℓ
H2(X2n
SR×L
, M˜
2ℓR
R⊕
⊗M
2ℓL
L⊕
)
≃ ⊕
2ℓ
⊕
j
⊕
mj
(CY2ℓ(XR[j,mj ])× CY
2ℓ(XL[j,mj ]))
• H2n(X2nR×L
SR×L
, M˜2nRR⊕ ⊗ M˜
2nL
L⊕
) = ⊕
2ℓ
H2(X2nR×L
SR×L
, M˜
2ℓR
R⊕
⊗ M˜
2ℓL
L⊕
)
⊕
2kR 6=2ℓL
H2(X2nR×L
SR×L
, M˜
2kR
R⊕
⊗ M˜
2ℓL
L⊕
)
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≃ ⊕
2ℓR×L
⊕
j
⊕
mj
(CY2ℓ(XR[j,mj ])× CY
2ℓ(XL[j,mj ]))
⊕
2kR 6=2ℓL
⊕
jR
⊕
mjR
⊕
jL
⊕
mjL
(CY2kR (XR[jR, mjR])× CY
2ℓL (XL[jL, mjL]))
being equal to the sums of products, right by left, of the conjugacy classes, counted with
their multiplicities, of the irreducible semicycles.
Sketch of proof: indeed, H2nℓ(X2n
SR×L
, M˜2nℓR⊕ ⊗ M˜
2nℓ
L⊕
) = Repsp(GLnℓ(F˜ω⊕ × F˜ω⊕)) =
⊕
j
⊕
mj
(M˜2nℓωj,mj
⊗ M˜2nℓωj,mj ) where M˜
2nℓ
ωj,mj
(resp. M˜2nℓωj,mj
) is the conjugacy class representative
g2nℓR [j,mj ] (resp. g
2nℓ
L [j,mj ] ) ∈ G
2nℓ(F˜ω × F˜ω) .
4.2 Langlands global correspondences on the reducible
compactified bisemispaces X
(2)n
SR×L
and ∂X
(2)n
SR×L
4.2.1 Definition: reducible compactified-lattice bisemispaces
Let
X2n=2n1+···+2ns
SR×L
, X2n=21+···+2n
SR×L
and X2nR×2nL
SR×L
be respectively the partially reducible, orthogonal completely reducible and nonorthogonal
completely reducible lattice bisemispaces as introduced in lemma 4.1.5 and proposition
4.1.6. Then, we define the projective emergent isomorphisms of toroidal compactifications:
γ
c(2n)
R×L : X
2n=2n1+···+2ns
SR×L
−−−→ X
2n=2n1+···+2ns
SR×L
= GLn=n1+···+ns(F
T
R × F
T
L )
/
GLn=n1+···+ns((Z
/
N Z )2) ,
γ
c(2n)
R×L : X
2n=21+···+2n
SR×L
−−−→ X
2n=21+···+2n
SR×L
= GL2n=21+···+2n(F
T
R × F
T
L )
/
GL2n=21+···+2n((Z
/
N Z )2) ,
γ
c(2nR×2nL)
R×L : X
2nR×2nL
SR×L
−−−→ X
2nR×2nL
SR×L
= GL2nR×2nL(F
T
R × F
T
L )
/
GL2nR×2nL((Z
/
N Z )2) ,
mapping these reducible lattice bisemispaces into their toroidal compactified equivalents
in the sense of proposition 3.3.3 with the evident notations:
X
n=n1+···+ns
SR×L
=
ns
⊞
nℓ=n1
X
nℓ
SR×L
.
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4.2.2 Definition
The double coset decomposition of the reducible bilinear general semigroups are given by:
S
Pn=n1+···+ns
Kn=n1+···+ns
= Pn=n1+···+ns(F
T
ω1 × F
T
ω1) \GLn=n1+···+ns(F
T
R × F
T
L )
/
GLn=n1+···+ns((Z
/
N Z )2) ,
S
P2n=21+···+2n
K2n=21+···+2n
= P2n=21+···+2n(F
T
ω1 × F
T
ω1) \GL2n=21+···+2n(F
T
R × F
T
L )
/
GL2n=21+···+2n((Z
/
N Z )2) ,
S
P2nR×2nL
K2nR×2nL
= P2nR×2nL(F
T
ω1 × F
T
ω1) \GL2nR×2nL(F
T
R × F
T
L )
/
GL2nR×2nL((Z
/
N Z )2) ,
with the notations of definition 3.3.4.
4.2.3 Definition: induction
If the double coset decompositions of the reducible bilinear general semigroups are con-
sidered, there are evident inductions respectively from the representations of the complex
bilinear reducible parabolic subgroups:
Pn=n1+···+ns(F
T
ω1 × F
T
ω1) , P2n=21+···+2n(F
T
ω1 × F
T
ω1) and P2nR×2nL(F
T
ω1 × F
T
ω1)
and from the respective representations of the bilinear reducible arithmetic subgroups:
GLn=n1+···+ns((Z
/
N Z )2) , GL2n=21+···+2n((Z
/
N Z )2) and GL2nR×2nL((Z
/
N Z )2)
to the respective representations of the reducible bilinear general semigroups:
GLn=n1+···+ns , GL2n=21+···+2n and GL2nR×2nL .
4.2.4 Proposition
Let
γ
c(2n)
R×L : CY
2n=2n1+···+2ns(XR)× CY
2n=2n1+···+2ns(XL) =
2ns
⊕
2nℓ=2n1
CY2nℓ(XR)× CY
2nℓ(XL)
−−−→ CY2nT (XR)× CY
2n
T (XL) = ⊕
nℓ
CY2nℓT (XR)× CY
2nℓ
T (XL)
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be the projective emergent isomorphism of compactifications applied to a product, right by
left, of 2n-dimensional partially reducible semicycles such that CY2nℓT (XL) (resp.
CY2nℓT (XR) ) be a nℓ-dimensional complex semitorus T
2nℓ
L (resp. T
2nℓ
R ).
Similarly, let
γ
c(2nR×L)
R×L : CY
2n=21+···+2n(XR)× CY
2n=21+···+2n(XL)
−−−→ CY2n=21+···+2nT (XR)× CY
2n=21+···+2n
T (XL)
and
γ
c(2nR×2nL)
R×L : CY
2nR(XR)× CY
2nL(XL)
−−−→ CY
2nR
T (XR)× CY
2nL
T (XL)
be the two other considered projective emergent isomorphisms applied to products of com-
pletely reducible semicycles.
Then, we have the evident decompositions of the cohomologies:
• H∗(S
Pn=n1+···+ns
Kn=n1+···+ns
, M̂2nTR⊕
⊗ M̂2nTL⊕
) = ⊕
2nℓ
H2nℓ(S
Pn
Kn , M̂
2nℓ
TR⊕
⊗ M̂2nℓTL⊕
)
≃ ⊕
nℓ
⊕
j
⊕
mj
(CY2nℓT (XR[j,mj ])× CY
2nℓ
T (XL[j,mj ]))
• H2n(S
P2n=21+···+2n
K2n=21+···+2n
, M̂2nTR⊕
⊗ M̂2nTL⊕ ) = ⊕2ℓR=2ℓL
H2(S
P2n
K2n
, M̂
2ℓR
TR⊕
⊗ M̂
2ℓL
TL⊕
)
≃ ⊕
2ℓR=2ℓL
⊕
j
⊕
mj
(CY
2ℓR
T (XR[j,mj ])× CY
2ℓL
T (XL[j,mj ]))
• H2n(S
P2nR×2nL
K2nR×2nL
, M̂2nRTR⊕
⊗ M̂2nLTL⊕
) = ⊕
2ℓR=2ℓL
H2(S
P2nR×2nL
K2nR×2nL
, M̂
2ℓR
TR⊕
⊗ M̂
2ℓL
TL⊕
)
⊕
kR 6=ℓL
H2(S
P2nR×2ℓL
K2nR×2ℓL
, M̂
2kR
TR⊕
⊗ M̂
2ℓL
TL⊕
)
≃ ⊕
ℓR=ℓL
⊕
j
⊕
mj
(CY
2ℓR
T (XR[j,mj ])× CY
2ℓL
T (XL[j,mj ]))
⊕
kR 6=ℓL
⊕
jR
⊕
mjR
⊕
jL
⊕
mjL
(CY
2kR
T (XR[jR, mjR])× CY
2ℓL
T (XL[jL, mjL]))
being equal to the sums of products, right by left, of the equivalence classes, counted with
their multiplicities, of the irreducible semicycles.
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4.2.5 Proposition
• If znℓ =
2nℓ
Σ
α=1
znℓ(α) |~eα| ∈ C
nℓ , then every left (resp. right) nℓ-dimensional complex
semitorus has the analytic development:
T 2nℓL [jL, mjL] ≃ λ
1
2 (2nℓ, jL, mjL) e
2πijLznℓ
(resp. T 2nℓR [jR, mjR] ≃ λ
1
2 (2nℓ, jR, mjR) e
−2πijRznℓ ).
• On the other hand, let
EISL(2nℓ, jL, mjL) =
r
Σ
jL=1
Σ
mjL
λ
1
2 (2nℓ, jL, mjL) e
2πijLznℓ
(resp. EISR(2nℓ, jR, mjR) =
r
Σ
jR=1
Σ
mjR
λ
1
2 (2nℓ, jR, mjR) e
−2πijLznℓ ).
be the (truncated) Fourier development of a 2nℓ-dimensional left (resp. right) cusp
form of weight k = 2 restricted to the upper (resp. lower) half space.
Then, we have the following analytical developments of the bilinear cohomologies:
• H∗(S
Pn=n1+···+ns
Kn=n1+···+ns
, M̂2nTR⊕
⊗ M̂2nTL⊕ ) = ⊕nℓ
(EISR(2nℓ, jR, mjR)⊗ EISL(2nℓ, jL, mjL)) ;
• H2n(S
P2n=21+···+2n
K2n=21+···+2n
, M̂2nTR⊕
⊗ M̂2nTL⊕ ) = ⊕ℓR=ℓL
(EISR(2ℓR, jR, mjR)⊗ EISL(2ℓL, jL, mjL)) ;
• H2n(S
P2nR×2nL
K2nR×2nL
, M̂2nRTR⊕
⊗ M̂2nLTL⊕
) = ⊕
ℓR=ℓL
(EISR(2ℓR, jR, mjR)⊗ EISL(2ℓL, jL, mjL))
⊕
kR 6=ℓL
(EISR(2kR, jR, mjR)⊗ EISL(2ℓL, jL, mjL))
where EISL(2ℓL, jL, mjL) corresponds to the (truncated) Fourier development of a cusp form
of weight k = 2 .
4.2.6 Reducible cusp biforms
• Let L1−1cusp(G
(2n=2n1+···+2ns)(F Tω × F
T
ω )) denote the bialgebra of cusp biforms on the
partially reducible pseudo-ramified toroidal bilinear semigroup G(2n=2n1+···+2ns)(F Tω ×
F Tω ) .
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Referring to section 3.4.10, a partially reducible cusp biform on this “diagonal” bial-
gebra is given by:
φ
(2n=2n1+···+2ns)
GTR
(xgTR)⊗D φ
(2n=2n1+···+2ns)
GTL
(xgTL )
=
ns
⊕
nℓ=n1
φ
(2nℓ)
GTR
⊗D φ
(2nℓ)
GTL
=
ns
⊕
nℓ=n1
r
⊕
j=1
⊕
mj
(
φ
(2nℓ)
GTjR
(xgTjR
)⊗D φ
(2nℓ)
GTjL
(xgTjL
)
)
= ⊕
nℓ
(EISR(2nℓ, jR, mjR)⊗(D) EISL(2nℓ, jL, mjL)) .
• Similarly, let L1−1cusp(G
(2n=21+···+2n)(F Tω × F
T
ω )) denote the bialgebra of orthogonally
completely reducible cusp biforms on G(2n=21+···+2n)(F Tω × F
T
ω ) given by:
φ
(2n=21+···+2n)
GTR
(xgTR)⊗D φ
(2n=21+···+2n)
GTL
(xgTL )
= ⊕
ℓR=ℓL
φ
2ℓR
GTR
⊗D φ
2ℓL
GTL
= ⊕
ℓR=ℓL
(EISR(2ℓR, jR, mjR)⊗(D) EISL(2ℓL, jL, mjL)) .
• And, let L1−1cusp(G
(2nR×2nL)(F Tω ×F
T
ω )) be the bialgebra of nonorthogonally completely
reducible cusp biforms on G(2nR×2nL)(F Tω × F
T
ω ) given diagonally by:
φ
(2nR=21R+···+2nR )
GTR
(xgTR)⊗D φ
(2nL=21L+···+2nL )
GTL
(xgTL )
= ⊕
ℓR=ℓL
(φ
2ℓR
GTR
⊗D φ
2ℓL
GTL
) ⊕
kR 6=ℓL
(φ
2kR
GTR
⊗D φ
2ℓL
GTL
)
= ⊕
ℓR=ℓL
(EISR(2ℓR, jR, mjR)⊗(D) EISL(2ℓL, jL, mjL))
⊕
kR 6=ℓL
(EISR(2kR, jR, mjR)⊗(D) EISL(2ℓL, jL, mjL)) .
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4.2.7 Proposition
• Let
RG(2n=2n1+···+2ns)(FTω ×FTω )(φ
(2n=2n1+···+2ns)
GTR
⊗ φ(2n=2n1+···+2ns)
GTL
) ,
RG(2n=21+···+2n)(FTω ×FTω )(φ
(2n=21+···+2n)
GTR
⊗ φ(2n=21+···+2n)
GTL
) ,
RG(2nR×2nL)(FTω ×FTω )
(φ2nR
GTR
⊗ φ2nL
GTL
)
be the integral operators on the respective cusp biforms introduced in sections 4.2.6
and 3.4.10.
• Then, the trace formulas of these integral operators are respectively given by:
tr(RG(2n=2n1+···+2ns)(FTω ×FTω )(φ
(2n=2n1+···+2ns)
GTR
⊗ φ(2n=2n1+···+2ns)
GTL
)
= vol(G(2n=2n1+···+2ns)(F Tω × F
T
ω ))⊕
nℓ
(EISR(2nℓ, jR, mjR),EISL(2nℓ, jL, mjL))
= vol(G(2n=2n1+···+2ns)(F Tω × F
T
ω ))⊕
nℓ
⊕
j
⊕
mj
λ(2nℓ, j,mj)
where (EISR(2nℓ, jR, mjR),EISL(2nℓ, jL, mjL)) is a diagonal bilinear form from
Red cusp(GL(2n=2n1+···+2ns)(F
T
ω × F
T
ω )) to C .
tr(RG(2n=21+···+2n)(FTω ×FTω )(φ
(2n=21+···+2n)
GTR
⊗ φ(2n=21+···+2n)
GTL
)
= vol(G(2n=21+···+2n)(F Tω × F
T
ω )) ⊕
ℓR=ℓL
(EISR(2ℓR, jR, mjR),EISL(2ℓL, jL, mjL))
= vol(G(2n=21+···+2n)(F Tω × F
T
ω )) ⊕
ℓR=ℓL
⊕
j
⊕
mj
λ(2ℓ, j,mj)
and finally
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tr(RG(2nR×2nL)(FTω ×FTω )
(φ
(2nR)
GTR
⊗ φ(2nL)
GTL
)
= vol(G(2nR×2nL)(F Tω × F
T
ω ))
[
⊕
ℓR=ℓL
(EISR(2ℓR, jR, mjR),EISL(2ℓL, jL, mjL))
+ ⊕
kR=ℓL
(EISR(2kR, jR, mjR),EISL(2ℓL, jL, mjL))
]
= vol(G(2nR×2nL)(F Tω × F
T
ω ))
(
⊕
ℓR=ℓL
⊕
j
⊕
mj
λ(2ℓ, j,mj)
+ ⊕
kR 6=ℓL
⊕
jR
⊕
jL
⊕
mjR
⊕
mjL
λ
1
2 (2kR, jR, mjR) · λ
1
2 (2ℓL, jL, mjL)
)
Proof :
1. The proof is clear from the preceding developments and, especially from proposition
3.4.10.
2. These trace formulas are complete in the sense that they refer to a decomposition
of these traces according to the direct sums of the irreducible representations of the
bilinear algebraic semigroups, as in the classical case for the linear groups.
4.2.8 Proposition: Langlands global reducible correspondences
• Let
RedRepW 2n=2n1+···+2ns
FR×L
: W 2n=2n1+···+2nsFω ×W
2n=2n1+···+2ns
Fω
−−−→ GLn=n1+···+ns(F˜ω⊕ × F˜ω⊕) ,
RedRepW 2n=21+···+2n
FR×L
: W 2n=21+···+2nFω ×W
2n=21+···+2n
Fω
−−−→ GL2n=21+···+2n(F˜ω⊕ × F˜ω⊕) ,
RedRepW 2nR×2nL
FR×L
: W 2nRFω ×W
2nL
Fω
−−−→ GL2nR×2nL(F˜ω⊕ × F˜ω⊕)
be respectively the partially reducible, orthogonal completely reducible and nonorthog-
onal completely reducible representations of the bilinear global Weil groups
W 2n=2n1+···+2nsFω ×W
2n=2n1+···+2ns
Fω
, W 2n=21+···+2nFω ×W
2n=21+···+2n
Fω
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and W 2nRFω ×W
2nL
Fω
.
• Let
Red cusp(GLn=n1+···+ns(F
T
ω × F
T
ω ))
= ⊕
nℓ
(EISR(2nℓ, jR, mjR)⊗ EISL(2nℓ, jL, mjL)) ,
Red cusp(GL2n=21+···+2n(F
T
ω × F
T
ω )
= ⊕
ℓR=ℓL
(EISR(2ℓR, jR, mjR)⊗ EISL(2ℓL, jL, mjL)) ,
Red cusp(GL2nR×2nL(F
T
ω × F
T
ω )
= ⊕
ℓR=ℓL
(EISR(2ℓR, jR, mjR)⊗ EISL(2ℓL, jL, mjL))
⊕
kR 6=ℓL
(EISR(2kR, jR, mjR)⊗ EISL(2ℓL, jL, mjL)) ,
be respectively the sums of the products, right by left, of the equivalence classes of
the partially reducible, orthogonal completely reducible and nonorthogonal completely
reducible cuspidal representations of the corresponding reducible bilinear semigroups.
• Let
CY2n=2n1+···+2nsT (XR)× CY
2n=2n1+···+2ns
T (XL) ,
CY2n=21+···+2nT (XR)× CY
2n=21+···+2n
T (XL) ,
and CY2nRT (XR)× CY
2nL
T (XL) ,
be respectively the sums of the products, right by left, of the equivalence classes of
the partially reducible, orthogonal completely reducible and nonorthogonal completely
reducible 2n-dimensional toroidal compactified cycles.
• Then, we have the following Langlands global reducible correspondences:
RedRep
(2n)
WFR×L
(W 2n=2n1+···+2nsFω ×W
2n=2n1+···+2ns
Fω
) → Red cusp(GLn=n1+···+ns(F
T
ω × F
T
ω ))
ց ր
CY2n=2n1+···+2nsT (XR)× CY
2n=2n1+···+2ns
T (XL)
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RedRep
(2n)
WFR×L
(W 2n=21+···+2nFω ×W
2n=21+···+2n
Fω
) → Red cusp(GL2n=21+···+2n(F
T
ω × F
T
ω ))
ց ր
CY2n=21+···+2nT (XR)× CY
2n=21+···+2n
T (XL)
RedRep
(2n)
WFR×L
(W 2nRFω ×W
2nL
Fω
) → Red cusp(GL2nR×2nL(F
T
ω × F
T
ω ))
ց ր
CY2nRT (XR)× CY
2nL
T (XL)
Proof : this proposition is an adaptation of proposition 3.4.14 to the reducible case by
noticing that:
• CY2n=2n1+···+2nsT (XR) × CY
2n=2n1+···+2ns
T (XL) = Ĝ
2n=2n1+···+2ns)(F Tω⊕ × F
T
ω⊕
) =
⊕
nℓ
(EISR(2nℓ, jR, mjR)⊗ EISL((2nℓ, jL, mjL)) according to proposition 4.1.7.
• RedRep(2n)WFR×L
(W 2n=2n1+···+2nsFω ×W
2n=2n1+···+2ns
Fω
) = Ĝ(n=n1+···+ns)(Fω⊕ × Fω⊕) is iso-
morphic to its toroidal equivalent Ĝ2n=2n1+···+2ns)(F Tω⊕×F
T
ω⊕) = ⊕
nℓ
(EISR(2nℓ, jR, mjR)×
EISL(2nℓ, jL, mjL)) .
4.2.9 Definition
The real boundaries of the reducible compactified bisemispaces
X
2n=2n1+···+2ns
SR×L
, X
2n=21+···+2n
SR×L
and X
2nR×2nL
SR×L
result from the surjective morphisms:
γδ(2n)
R×L
: X
2n=2n1+···+2ns
SR×L
−−−→ ∂X
2n=2n1+···+2ns
SR×L
= GLn=n1+···+ns(F
+,T
R × F
+,T
L )
/
GLn=n1+···+ns((Z
/
N Z )2) ,
γ
δ(2n)
R×L : X
2n=21+···+2n
SR×L
−−−→ ∂X
2n=21+···+2n
SR×L
= GL2n=21+···+2n(F
+,T
R × F
+,T
L )
/
GL2n=21+···+2n((Z
/
N Z )2) ,
γ
δ(2nR×2nL)
R×L : X
2nR×2nL
SR×L
−−−→ ∂X
2nR×2nL
SR×L
= GL2nR×2nL(F
+,T
R × F
+,T
L )
/
GL2nR×2nL((Z
/
N Z )2) ,
as developed in section 3.5.1.
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4.2.10 Definition: the reducible Shimura bisemivarieties
The double coset decompositions of the reducible bilinear general semigroups over (F+,TR ×
F+,TL ) are given by:
∂S
Pn=n1+···+ns
Kn=n1+···+ns
= Pn=n1+···+ns(F
+,T
v1
× F+,Tv1 ) \GLn=n1+···+ns(F
+,T
R × F
+,T
L )/
GLn=n1+···+ns((Z
/
N Z )2) ,
∂S
P2n=21+···+2n
K2n=21+···+2n
= P2n=21+···+2n(F
+,T
v1
× F+,Tv1 ) \GL2n=21+···+2n(F
+,T
R × F
+,T
L )/
GL2n=21+···+2n((Z
/
N Z )2) ,
∂S
P2nR×2nL
K2nR×2nL
= P2nR×2nL(F
+,T
v1
× F+,Tv1 ) \GL2nR×2nL(F
+,T
R × F
+,T
L )/
GL2nR×2nL((Z
/
N Z )2) ;
they correspond to reducible Shimura bisemivarieties according to definition 3.5.2.
4.2.11 Proposition
The following Eisenstein cohomologies develop according to:
• H∗(∂S
Pn=n1+···+ns
Kn=n1+···+ns
, M̂2nTvR⊕
⊗ M̂2nTvL⊕
) = ⊕
nℓ
H2nℓ(∂S
Pn
Kn, M̂
2nℓ
TvR⊕
⊗ M̂2nℓTvL⊕
)
≃ ⊕
nℓ
⊕
jδ
⊕
mjδ
(CYnℓT (∂XR[jδ, mjδ ])× CY
nℓ
T (∂XL[jδ, mjδ ]))
• H2n(∂S
P2n=21+···+2n
K2n=21+···+2n
, M̂2nTvR⊕
⊗ M̂2nTvL⊕
) = ⊕
ℓR=ℓL
H2ℓ(∂S
P2n
K2n
, M̂
2ℓR
TvR⊕
⊗ M̂
2ℓL
TvL⊕
)
≃ ⊕
ℓR=ℓL
⊕
jδ
⊕
mjδ
(CY
1ℓR
T (∂XR[jδ, mjδ ])× CY
1ℓL
T (∂XL[jδ, mjδ ]))
• H2n(∂S
P2nR×2nL
K2nR×2nL
, M̂2nRTvR⊕
⊗ M̂2nLTvL⊕
) = ⊕
ℓR=ℓL
H2ℓ(∂S
P2nR,2nL
K2nR,2nL
, M̂
2ℓR
TvR⊕
⊗ M̂
2ℓL
TvL⊕
)
⊕
kR 6=ℓL
H2kR ,2ℓL (∂S
P2nR×2nL
K2nR×2nL
, M̂
2kR
TvR⊕
⊗ M̂
2ℓL
TvL⊕
)
≃ ⊕
ℓR=ℓL
⊕
jδ
⊕
mjδ
(CY
1ℓR
T (∂XR[jδ, mjδ ])× CY
1ℓL
T (∂XL[jδ, mjδ ]))
⊕
kR 6=ℓL
⊕
jδR
⊕
m
jδ
R
⊕
jδL
⊕
m
jδ
L
(CY
1kR
T (∂XR[j
δ
R, mjδR])× CY
1ℓL
T (∂XL[j
δ
L, mjδL]))
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they are equal to the sums of products, right by left, of the equivalence classes, counted with
their multiplicities, of the irreducible cycles.
Proof : these decompositions of cohomologies are the real equivalents of those considered
in proposition 4.2.4.
4.2.12 Proposition
a) If xnℓ =
nℓ
Σ
β=1
xnℓ(β) |~eβ| ∈ R
nℓ ,
then, every left (resp. right) nℓ-dimensional real semitorus has the analytic develop-
ment:
T nℓL [j
δ
L, mjδL] ≃ λ
1
2 (nℓ, j
δ
L, mjδL) e
2πijδLxnℓ
(resp. T nℓR [j
δ
R, mjδR] ≃ λ
1
2 (nℓ, j
δ
R, mjδR) e
−2πijδRxnℓ ).
b) On the other hand, let
ELLIPL(2nℓ, j
δ
L, mjδL) =
t
Σ
jδL=1
Σ
m
jδ
L
λ
1
2 (nℓ, j
δ
L, mjδL) e
2πijδLxnℓ
(resp. ELLIPR(2nℓ, j
δ
R, mjδR) =
t
Σ
jδR=1
Σ
m
jδ
R
λ
1
2 (nℓ, j
δ
R, mjδR) e
−2πijδRxnℓ ) ), t ≤ ∞ ,
be the (truncated) Fourier development of a left (resp. right) nℓ-dimensional solvable
global elliptic semimodule where
• λ(nℓ, jδ, mjδ) =
nℓ
Π
c=1
λc(nℓ, jδ, mjδ) ≈ j
nℓ ·Nnℓ ;
• e2πixnℓ → e2πij
δ
Lxnℓ (resp. e−2πixnℓ → e−2πij
δ
Rxnℓ ) is a left (resp. right) global
Frobenius substitution.
Then, we have the following analytic developments of the Eisenstein bilinear coho-
mologies of the equivalents of the reducible Shimura bisemivarieties:
• H∗(∂S
Pn=n1+···+ns
Kn=n1+···+ns
, M̂2nTvR⊕
⊗ M̂2nTvL⊕
)
= ⊕
2nℓ
(ELLIPR(2nℓ, j
δ
R, mjδR)⊗ ELLIPL(2nℓ, j
δ
L, mjδL))
• H2n(∂S
P2n=21+···+2n
K2n=21+···+2n
, M̂2nTvR⊕
⊗ M̂2nTvL⊕
)
= ⊕
ℓR=ℓL
(ELLIPR(2ℓR, j
δ
R, mjδR)⊗ ELLIPL(2ℓL, j
δ
L, mjδL))
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• H2n(∂S
P2nR×2nL
K2nR×2nL
, M̂2nRTvR⊕
⊗ M̂2nLTvL⊕
)
= ⊕
ℓR=ℓL
(ELLIPR(2ℓR, j
δ
R, mjδR)⊗ ELLIPL(2ℓL, j
δ
L, mjδL))
⊕
kR 6=ℓL
(ELLIPR(2kR, j
δ
R, mjδR)⊗ ELLIPL(2ℓL, j
δ
L, mjδL))
Proof : referring to proposition 3.5.4 and 3.5.5, each equivalence class representative
CYnℓT (∂XR[jδ, mjδ ]) (resp. CY
nℓ
T (∂XL[jδ, mjδ ]) ) of a semicycle of codimension nℓ corre-
sponds to the analytic representation of a nℓ-dimensional real semitorus T
nℓ
R [jδ, mjδ ] (resp.
T nℓL [jδ, mjδ ] ).
4.2.13 Remark
Trace formulas for the real reducible cases considered here can be developed similarly as
it was done for the complex cases in sections 4.2.6 and 4.2.7.
4.2.14 Proposition: Langlands global correspondences on the equivalents of
the reducible Shimura bisemivarieties
• Let
RedRep
(n)
W
F+
R×L
(W n=n1+···+ns
F+v
×W n=n1+···+ns
F+v
)
−−−→ H∗(∂S
Pn=n1+···+ns
Kn=n1+···+ns
, M̂2nTvR⊕
⊗ M̂2nTvL⊕
)
= FRepsp(GLn=n1+···+ns(F
+,T
v⊕
× F+,Tv⊕ )) ,
RedRep
(n)
W
F
+
R×L
(W 2n=21+···+2n
F+v
×W 2n=21+···+2n
F+v
)
−−−→ H2n(∂S
P2n=21+···+2n
K2n=21+···+2n
, M̂2n
∗
TvR⊕
⊗ M̂2n
∗
TvL⊕
)
= FRepsp(GL2n=21+···+2n(F
+,T
v⊕
× F+,Tv⊕ )) ,
RedRep
(n)
W
F+
R×L
(W 2nR
F+v
×W 2nL
F+v
)
−−−→ H2n(∂S
P2nR×2nL
K2nR×2nL
, M̂2nRTvR⊕
⊗ M̂2nLTvL⊕
)
= FRepsp(GL2nR×2nL(F
+,T
v⊕
× F+,Tv⊕ )) ,
be respectively the sums of the products, right by left, of the equivalence classes
of the partially reducible, orthogonal completely reducible and nonorthogonal com-
pletely reducible representations of the bilinear global Weil groups (W n=n1+···+ns
F+v
×
W n=n1+···+ns
F+v
) , (W 2n=21+···+2n
F+v
×W 2n=21+···+2n
F+v
) and (W 2nR×2nL
F+v
×W 2nR×2nL
F+v
) .
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• Let
RedELLIP(GLn=n1+···+ns(F
+,T
v × F
+,T
v )
= ⊕
2nℓ
(ELLIPR(2nℓ, j
δ
R, mjδR)⊗ ELLIPL(nℓ, j
δ
L, mjδL)) ,
RedELLIP(GL2n=21+···+2n(F
+,T
v × F
+,T
v )
= ⊕
ℓR=ℓL
(ELLIPR(2ℓR, j
δ
R, mjR)⊗ ELLIPL(2ℓL, j
δ
L, mjδL)) ,
RedELLIP(GL2nR×2nL(F
+,T
v × F
+,T
v )
= ⊕
ℓR=ℓL
(ELLIPR(2ℓR, j
δ
R, mjδR)⊗ ELLIPL(2ℓL, j
δ
L, mjδL))
⊕
kR 6=ℓL
(ELLIPR(2kR, j
δ
R, mjδR)⊗ ELLIPL(2ℓL, j
δ
L, mjδL)) ,
be respectively the sums of the products, right by left, of the equivalence classes of
the partially reducible, orthogonal completely reducible and nonorthogonal completely
reducible global elliptic representations of the corresponding reducible bilinear semi-
groups.
• Let finally
CYn=n1+···+nsT (∂XR)× CY
n=n1+···+ns
T (∂XL) ,
CYn=11+···+1nT (∂XR)× CY
n=11+···+1n
T (∂XL) ,
and CYnRT (∂XR)× CY
nL
T (∂XL) ,
be respectively the sums of the products, right by left, of the equivalence classes of
the partially reducible, orthogonal completely reducible and nonorthogonal completely
reducible n-dimensional toroidal compactified cycles over ∂XR and ∂XL .
• Then, we have the following Langlands global reducible correspondences on
the equivalents of the reducible Shimura bisemivarieties:
RedRep
(n)
W
F+
R×L
(W n=n1+···+ns
F+v
×W n=n1+···+ns
F+v
) → RedELLIP(GLn=n1+···+ns(F
+,T
v × F
+,T
v ))
ց ր
CYn=n1+···+nsT (∂XR)× CY
n=n1+···+ns
T (∂XL)
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RedRep
(n)
W
F+
R×L
(W 2n=21+···+2n
F+v
×W 2n=21+···+2n
F+v
) → RedELLIP(GL2n=21+···+2n(F
+,T
v × F
+,T
v ))
ց ր
CYn=11+···+1nT (∂XR)× CY
n=11+···+1n
T (∂XL)
RedRep
(n)
W
F+
R×L
(W 2nR
F+v
×W 2nL
F+v
) → RedELLIP(GL2nR×2nL(F
+,T
v × F
+,T
v ))
ց ր
CYnRT (∂XR)× CY
nL
T (∂XL)
Proof : this is an adaptation to the real case of proposition 4.2.8 (see also proposition
3.4.10).
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Appendix
1 Philosophy of bisemiobjects
Instead of working with classical mathematical objects, the developments of this paper deal
with the products of semiobjects. In this respect, a mathematical symmetric object “ O ”
will be cut into two semiobjects, labeled left and right, in such a way that the left semiobject
OL be localized in (or refers to) the upper half space while the right symmetric semiobject
OR is localized in (or refers to) the lower half space. Then, informations concerning the
internal mathematical structure of our object “ O ” can be more advantageously extracted
from the product OR×OL of the two semiobjects OR and OL . Indeed, the endomorphism
of our object “ O ” can be decomposed into the product ER × EL of the endomorphisms
EL : OL → OL acting on the semiobject OL by the opposite endomorphism ER : OR → OR
acting on OR such that ER = E
−1
L . By this way, the action of EL is neutralized by the
coaction of ER .
A classical analogue of this endormophism ER×EL on OR×OL is, for example, the normal
endomorphism EN of a group G given by:
a EN(b) a
−1 = EN(a b a
−1) for a, b ∈ G .
(In the philosophy of bisemiobjects, the element b would have to be decomposed into the
product bR × bL of two semielements bR and bL , if mathematically feasible.)
2 Semistructures
So, semistructures will be recalled or introduced in the following. The notation L,R means
“left” or “right”.
• We are concerned with a semigroup GL,R , called left of right, which is a nonempty
set of left (resp. right) elements, localized or referring to the upper (resp. lower) half
space, together with a binary operation onGL,R , i.e. a function GL,R×GL,R → GL,R ,
or GL,R ×GL,L → GL,R .
• A left (resp. right) monoid is a left (resp. right) semigroup GL,R which contains an
identity element eL,R ∈ GL,R such that:
eL · aL = aL (resp. aR · eR = aR ), ∀ aL,R ∈ GL,R .
• A left (resp. right) semiring is a nonempty set RL,R together with two binary
operations (addition and multiplication) such that:
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a) (RL,R,+) is an abelian left (resp. right) semigroup;
b) (aL,R bL,R) cL,R = aL,R (bL,R cL,R) ∀ aL,R, bL,R, cL,R ∈ RL,R (associative multi-
plication);
c) aL,R (bL,R + cL,R) = aL,R bL,R + aL,R cL,R and (aL,R + bL,R) cL,R = aL,R cL,R +
bL,R cL,R (left and right distribution).
• If RL,R is a commutative semiring with identity 1RL,R and no zero divisors, it will be
called a left (resp. right) integral semidomain.
Furthermore, if every element of RL,R is a unit (i.e. left and right invertible), RL,R
is a division semiring.
And, a left (resp. right) semifield is a commutative division semiring.
• A left (resp. right) adele semiring is the product of the completions of the left
(resp. right) considered semifield.
• Let RL,R be a left (resp. right) semiring. A left (resp. right) RL,R-semimodule
is an additive abelian left (resp. right) semigroup ML,R together with a function
RL,R ×ML → ML (resp. MR × RR,L →MR ) such that:
a) rL (aL + bL) = rL aL + rL bL , ∀ rL ∈ RL , aL, bL ∈ML
(resp. (aR + bR) rR = aR rR + bR rR) , ∀ rR ∈ RR , aR, bR ∈MR );
b) (rL + sL) aL = rL aL + sL aL , ∀ sL ∈ RL
(resp. aR (rR + sR) = aR rR + aR sR , ∀ sR ∈ RR );
c) rL (sL aL) = (rL sL) aL
(resp. (aR sR) rR = aR (sR rR) ).
If RL,R has an identity element 1L,R such that 1L · aL = aL (resp. aR · 1R = aR ),
ML,R is a left (resp. right) unitary RL,R-semimodule.
If RL,R is a left (resp. right) division semiring, then the unitary left (resp. right)
unitary RL,R-semimodule, is a left (resp. right) vector semispace.
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• If RL,R is a commutative semiring with identity, a RL,R-semialgebra AL,R is a
semiring AL,R such that:
a) (AL,R,+) is a unitary left (resp. right) RL,R-semimodule;
b) rL (aL bL) = (rL aL) bL = aL (rL bL) , ∀ rL ∈ RL , aL, bL ∈ AL
(resp. (aR bR) rR = aR (bR rR) = bR (aR rR) , ∀ rR ∈ RR , aR, bR ∈ AR ).
If AL,R is a division semiring, then AL,R is called a division semialgebra.
3 Bisemistructures [Pie5]
Before recalling the salient features of the algebraic bilinear semigroups, it is useful to give
a precise definition of a RR − RL-bisemimodule MR−L and of a RR × RL-bisemimodule
MR ⊗ML.
• Let RL (resp. RR ) be a left (resp. right) semiring.
Then, a RR−RL-bisemimodule is an abelian (semi)group MR−L (under the addi-
tion) with the structure of both a left RL-semimoduleML and a right RR-semimodule
MR and together with a bifunction RL,R ×ML−R × RR,L →MR−L such that:
a) ML−R ≡MR−L =MR ⊕ML .
b) (rL aL) (aR rR) = rL (aL aR rR) = (rL aL aR) rR , ∀ aL ∈ ML , aR ∈ MR ,
rL ∈ rL , rR ∈ RR .
c) the conditions, mentioned above for a left (resp. right) RL,R-semimodule, are
applied on the left and on the right of ML−R .
• A RR×RL-bisemimodule MR⊗ML is a bilinear semigroup given by the map :
f :MR×ML →MR ⊗ML , where f sends pairs (aRi , aLi) ∈MR×ML of symmetric
elements to their products (aRi × aLi) such that:
a) f(aR1 + aR2 , aL1) = f(aR1 , aL1) + f(aR2 , aL1) ;
b) f(aR1 , aL1 + aL2) = f(aR1 , aL1) + f(aL1, aL2) ;
c) f(aR rR, rL aL) 6= f(rL aR, aL rL) , ∀ aRi ∈ MR , i = 1, 2 , aLi ∈ML .
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• Taking into account the section 1 of the appendix and the introduction, we have to
specify the product XR ×XL of a right affine semigroup scheme XR by its
left symmetric equivalent XL as occurring from:
(XR ◦ φ
′−1
R )× (XL ◦ φ
′−1
L )](F˜R × F˜L) = {(vR × vL) | vR ∈ VR , vL ∈ VL}
where (vR × vL) is a bipoint of an affine bisemispace (VR ⊗ VL) resulting from the
bihomomorphism
XR ×XL : QR ×QL −−−→ VR ⊗ VL
which sends the product of the quotient k-algebras QR and QL into (VR ⊗ VL) .
• It was seen in chapter 2 that GLn(F˜ω × F˜ω) is an algebraic bilinear semigroup
of matrices in the sense that its algebraic representation space is an GLn(F˜ω × F˜ω)-
bisemimodule M˜R ⊗ M˜L defined as follows:
Let M˜L (resp. M˜R ) be an n-dimensional Tn(F˜ω)- (resp. T
t
n(F˜ω) )-semimodule. Then,
the canonical bilinear map M˜R×M˜L → M˜R⊗M˜L defines the bisemimodule M˜R⊗M˜L ,
provided that M˜R ⊗ M˜L is the bilinear tensor product of a left Tn(F˜ω)-semimodule
by a right T tn(F˜ω)-semimodule.
• The complete algebraic bilinear semigroup G(n)(F˜ω × F˜ω) is generated by the
bilinear algebraic semigroup of matrices GLn(F˜ω × F˜ω) ≡ T tn(F˜ω) × T˜n(Fω) where
Tn(F˜ω) (resp. T
t
n(F˜ω) ) is the group of upper (resp. lower) triangular matrices.
• The complete algebraic bilinear semigroup G(n)(Fω×Fω) can be viewed as a bilinear
Lie semigroup defined as follows:
1. G(n)(Fω × Fω) is a topological bilinear semigroup, that is to say that:
(a) it is a bilinear semigroup GR×L :
α) given by a function:
GR ×GL −−−→ GR×L
(gri, gLi) −−−→ (gri × gLi)
sending pairs (gri, gLi) of symmetric elements, localized in (or referring
to) the upper and lower half spaces, to their products (gri×gLi) , i ∈ N .
β) submitted to a binary operation ×
GR×L×GR×L −−−→ GR×L
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defined by
(gri × gLi)×(grj × gLj) −−−→ (gri + grj)× (gLi + gLj)
in such a way that cross products (gri × gLj) could be generated.
(b) G(n)(Fω × Fω) is a topological bisemispace, product of a right topo-
logical semispace, restricted to the lower half space by its left symmetric
equivalent.
2. G(n)(Fω × Fω) is an abstract bisemivariety, i.e. the product of a left
semivariety restricted to the upper half space by the symmetric right semivariety
restricted to the lower half space.
• Let P (n)(Fω1 ×Fω1) = P
(n)(Fω1)×P
(n)(Fω1) be a bilinear subgroup of G
(n)(Fω×Fω)
such that Fω1 (resp. Fω1 ) denotes the set of left (resp. right) irreducible completions
(see section 2.4.1).
Let aR,L, bR,L ∈ G(n)(Fω × Fω) .
aR is right congruent to bR modulo P
(n)(Fω1) , denoted aR ≡ bRmod(P
(n)(Fω1) if
aR b
−1
R ∈ P
(n)(Fω1) .
aL is left congruent to bL modulo P
(n)(Fω1) , denoted aL ≡ bLmod(P
(n)(Fω1) if
aL b
−1
L ∈ P
(n)(Fω1) .
Then, P (n)(Fω1 × Fω1) is a bilinear normal subgroup of G
(n)(Fω × Fω) if left
congruence modulo P (n)(Fω1) correspond to right congruence modulo P
(n)(Fω1) .
• The endomorphism of an algebraic bilinear semigroup G(n)(F˜ω × F˜ω) is a homo-
morphism
ER×L : G
(n)(F˜ω × F˜ω) −−−→ G
(n)(F˜ω × F˜ω)
which can be decomposed into:
ER : G
(n)(F˜ω) −−−→ G
(n)(F˜ω) ,
EL : G
(n)(F˜ω) −−−→ G
(n)(F˜ω) ,
for G(n)(F˜ω × F˜ω) = G(n)(F˜ω)×G(n)(F˜ω) such that:
1. ER(aR bR) = ER(aR) · ER(bR) for all aR, bR ∈ G(n)(F˜ω) ;
2. EL(aL bL) = EL(aL) · EL(bL) for all aL, bL ∈ G
(n)(F˜ω) ;
3. ER×L(aR bR aL bL) = ER×L(aR · aL) · ER×L(bR · bL) .
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If ER = E
−1
L , then ER(aR bR) = E
−1
L (a
−1
L b
−1
L ) where a
−1
L , b
−1
L denote the opposites
with respect to the addition or the complex conjugates of aL, bL .
So,
ER×L(aR bR aL aL) = E
−1
L ×EL(a
−1
L b
−1
L aL bL)
or ER×L(bR aR aL bL) = E
−1
L ×EL(b
−1
L a
−1
L aL bL) .
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